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Abstract 

We will study some modifications to the notion of an exact C*-algebra by replacing the minimal tensor 
product with the reduced free product. First we will demonstrate how the reduced free product of a 
short exact sequence of C*-algebras with another C*-algebra may be taken. It will then be demonstrated 
that this operation preserves exact sequences. We will also establish that adjoining arbitrary fc-tuples of 
operators in a free way behaves well with respect to taking ultrapowers. 

1 Introduction 

The notion of an exact C*-algebra has played a fundamental role in the theory of C*-algebras and has been 
well-studied by Kirchberg, Wassermann, and others (see [Ki] and j Wa] ) . Exact C*-algebras are generally 
well-behaved and many of the common and interesting examples of C*-algebras are exact. In addition, the 
property that a C*-algebra is exact is preserved under many common operations such as taking subalgebras, 
taking direct sums, taking minimal tensor products, and taking reduced free products (for example, see [BO] 
and the references therein). 

Over the years many equivalent definitions of an exact C* -algebra have been developed and the most 
common are listed in the following theorem. In this theorem (and for the rest of this paper) B{%) will denote 
the space of bounded linear maps on a Hilbert space T-L, M n (C) will denote the nx n matrices with complex 
entries, AO B will denote the algebraic tensor product of two algebras A and B, and 21 ® m i n 03 will denote 
the minimal tensor product of two C*-algebras 21 and 03. 

Theorem 1.1 (Due to Kirchberg, Wassermann, and others; see |BO) for the proof of the first four equiva- 
lences). Let 03 be a C -algebra. Then the following are equivalent: 

1. There exists a Hilbert space %, a faithful representation a : 03 — > B(H.), and nets (ip\ : 03 — > .M„ a (C))a 
and (ipx '■ Mn x (C) — > B(H))a of contractive, completely positive maps such that 



lim \\a(B) - =0 

A 



for all B £ 03. 



2. For every Hilbert space % and faithful representation a : 03 — > B(H) there exists nets (tp\ : 03 
M nx (C))\ and (ip\ : _M„ A (C) — > B(H))a of contractive, completely positive maps such that 



lim \\a(B) -Mvx{B)) \\ =0 



for all B e 03. 
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3. For every exact sequence of C* -algebras — > 3 — > 21 A (21/3) - > i/ie sequence 

3 mi „ 23 ^ 21 min 58 9 ®4 da (21/3) 0mi„ 03 

is exact. 

4- For any sequence (2l n ) n >i of unital C* -algebras the * -homomorphism 

Iln>l ^ n ) ®min 03 



rin>l 

©n>l ^ 



003^ 



(®n>l ^« 



03 



defined by 



+ 02l„ 05^ (4 n )n> 1 05 + 021, 



n I ^mm 



03 



is continuous with respect to the minimal tensor norm on ^" ^ 03. 



5. If 2t„ and 21 are unital C* -algebras, k £ N, A\, . . . ,Ak £ 21, and {Ai }Tl }^ =1 C 2l ra are swc/i i/iai 
. . . , Afc)|| a = 1™ su P n -i.oo HpC^i.td • • • ) ^4fe,n)|la f or ever V polynomials p in k non-commutating 
variables and their complex conjugates, then for all B%, . . . , £ 03 



i=l 



lim 



2l<g> mi „23 



Ai >n Bi 



If any of the above conditions hold then 03 is said to be an exact C* -algebra. 

As the proof that the fifth statement of Theorem 11.11 is equivalent to the others is not standard, we 
present the proof here. 

Proof that the fifth statement of Theorem ] 1.1\ is equivalent to the fourth statement. Let (2l„)„>i be a sequence 
of unital C* -algebras and let 



n„>i2u 



j v 0„>i2tny 
be arbitrary. For alH € {1, . . . , k} there exists A i n £ 2l n such that 



003 



\\p(Ai, AfcJUa = lim sup ||p(Ai, n , . . . , A h , n )\\^ 

n— >oo 

for every polynomials p in k non-commutating variables and their complex conjugates (that is, choose a 
lifting of each Ai). If 03 satisfies the fifth statement of Theorem 11.11 then 



\T\ 



n„>i 

(B n >l *r 



= lim 

1 25 n— too 



a n «'min , B 



^ Ai >n B 

\i=l / n >l ">1 



n„>i<a„® min iS) 



i=l 



i(a„® min -B) 



(n„>l 2l7i)® mi „'S 
(©»>! a n)® mi „5S 



where the last equality follows from Lemma 11721 Thus the fifth statement of Theorem 11.11 implies the fourth 
statement. 
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For the other direction, suppose 03 satisfies the fourth statement in Theorem ll.il Let 2l n and 21 be unital 
C*-algebras, let k € N, let A\, . . . ,Ak € 21, and let {Aj, n }* =1 C 2l„ be such that 

. . . , A fc )|| a = limsup ||p(Ai i7l5 . . . , ^/c,™)!!^ 

for every non-commutative polynomials p in fc-variables and their complex conjugates. We may assume that 
21 = *-Alg(Ai, . . . , A/,) by properties of the minimal tensor product. 

Fix Bi, . . . , Bk £ 03. If the fifth statement were false there would exists an e > 0, an N E N, and a 
subsequence of the 2l ra 's such that 



>e (*) 



for all n > N in the subsequence. By relabeling the 2l n 's we can assume the subsequence is the entire 
sequence. 

The fourth equivalence in Theorem 11.11 implies that the canonical inclusion 



k 












Ai,n ® Bi 




i=l 




i=l 





03 



(n„>i 



21, 



n I <>min 



03 



(®n>l ^» 



03 



is continuous with respect to the minimal tensor product and extends to an injective inclusion on the 
minimal tensor product. By the assumptions on 21, 21 C ([] n>1 2l„)/(® n>1 2l„) via the identification of Ai 
with [A i<n ) n >i + n>1 2l„. Thus 



^2 A% Bi 



J2 (An)n>l+ 02l„ ) ) ®Bj 



i=l 



n„>i a„ 



a 



n I ^mm 



03 



!=1 



(n„>i a„)® min 2s 



£(Ai, n )n>l ® ^ + (2l„ min 03) 
i=l n>l 

(where the last equality follows from Lemma Fl.2p which contradicts (*). 



n re >l(ar.lSl m i n S) 
©n>l( 2 'n«min' B ) 



□ 



Lemma 1.2. For any C* -algebra 03 and any sequence of unital C* -algebras (2l n ) n >i there exists an injective 
* -homomorphism 





n„>i(2inc 


S>min 03) 


f ^5ri>l 0min 03 




3mi„ 03) 



03 = (A„ B)„>! + 0(21 n &min 

03) 



defined by 

®B + ^02l n 
/or a// (A,) n >i € EL>i 2ln and B G 03. 

Proof. Consider the map 7r : ^Iln>i ^nj 03 — > Hn>i(^n ®min 03) defined by 

7r ((A„)„>i ®B) = (A„ S)„>i. 



n>l 
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It is easy to verify that ttq is well-defined, continuous, and isometric with respect to the minimal tensor 
products and thus induces a injective *-homomorphism 



7T 



]^[ 2t« ® min 23 -> JJ (2t„ ® min 23). 



,n>l / ri>l 



Notice 

<B C 0(2l„ <8> min 05) 

V yn>l / J n>X 

(as this is clearly true of elementary tensors and thus the closure of the span of elementary tensors) . Therefore 
the *-homomorphism 

'n„>l Or.) ®min 93 n„>l(2t™ ®min 23) 



03) 



as described in the statement of the lemma exists. 

To see $ is injective, suppose T <E Nln>i 21") ®min 23 and n(T) e 0„> 1 (2l„ ®min 23). Let (-Ba)a be a 
C*-bounded approximate identity for 23. For each n <E N and A G A let 

#n,A := (/«!,/«>,•■• ,/st.,0,0.---)<»flA € ^02lnj ®min 23. 

Define a partial ordering on N x A by (n, A) < (m, A') if and only if n < to and A < A'. It is easy to verify that 
{E n \)n^A is a C*-bounded approximate identity for ^(J)n>i ®min 23 and (7t(£'„ i a))nxA is a C*-bounded 
approximate identity for 0„> 1 (2t n m in 23). Whence 

lim ||7r(TS n , A - T)|| = lim ||7r(T)7r(^ fA ) - n(T)\\ = 0. 

NxA NxA 

Since 7r is isometric, limpjxA HT-Et^a — ^11 = so 

T = lim TE n , x G I ® 2l„ | ® min 23. 

NxA I 1 

y™>i 

Thus ker(ir) = (© rl>1 2l„) <8>min 23 so $ is injective. □ 

In this paper we will analyze how the third and fifth equivalences in Theorem 11.11 can be adapted to 
the context of reduced free products. In Section 2 we will modify the third equivalence in Theorem 11.11 by 
replacing the minimal tensor product with the reduced free product. First we will demonstrate a way to take 
the reduced free product of a short exact sequence of C*-algebras against a fixed C*-algebra. Our main result 
is that every C*-algebra is 'freely exact'; that is, taking the reduced free product of a short exact sequence of 
C*-algebras against a fixed C*-algebra preserves exactness. This will be accomplished by embedding these 
short sequences into a short exact sequence involving Toeplitz-Pimsner algebras and restricting back to our 
original sequence. 

In Section 3 of this paper we will analyze how the fifth equivalence of Theorem ll.il can be adapted to the 
context of reduced free products. It will be demonstrated that the conclusion of fifth equivalence of Theorem 
11.11 holds when the minimal tensor product is replaced with the reduced free product for any C*-algebra. 
This will be accomplished by first proving the result for the C*-algebra generated by a finite number of 
free creation operators (previously proven in the appendix of jMaj due to Shlyakhtcnko), then for exact 
C*-algebras, and finally for arbitrary C*-algebras. 

In Section 4 we will show if the nuclear embeddings in the second equivalence of Theorem 11.11 are required 
to be state-preserving, then nothing new is gained. This will be accomplished by showing that if a unital, 
completely positive maps on a C*-subalgebra 21 of 23 preserves a state then it can be extended in a state- 
preserving way to a unital, completely positive map on 23 and by using arguments similar to those found in 

KM- 
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2 Short Sequences of Reduced Free Products 



2.1 Notation and a Construction 

The purpose of this section is to replace the tensor products with reduced free products in the third equiv- 
alence in Theorem 11.11 and examine the result. We begin by describing a reduced free product analog of 
taking the tensor product of an exact sequence with a fixed C*-algebra. Most typical results for the reduced 
free product of C*-algebras requires the states used in the construction to have faithful GNS representations 
and thus hinders the consideration of quotient maps. The solutions is to go straight to the construction of 
the reduced free product of two C*-algebras. 

Notation 2.1.1. For i G {1,2} let 21, be unital C*-algebras, let ix l : 21, B{Hi) be faithful, unital 
representations, and let G Hi be unit vectors. We define the free product * ("^2,^2) of the Hilbert 

spaces and in the standard way: if H\ — Hi G C£i then 



/ 



(Hi, &)*(%,$,) := 



e 

n>l 



V 



e 

{4}£ =1 c{l,2}, 
\ ik ^ ik+i for k G {1, .... 



Hi® Hi 



>H° 



1} 



The vector £0 is called the distinguished unit vector (and may be denoted £1 * £2)- 

There is a canonical action of each 2lj on (Hi,£,i) * (%2, £2)- To define this action let 



H(i) := C^o 







V 



e 

\ ik ^ ik+i for k G {1, . . . , n - 1} 



1/0 

ft A 



J 



for i G {1, 2}. Then there exists a canonical isomorphism Ui : Hi ® H(i) —> (Hi,£i) * (%, £2) defined by 



U, 



C& ® C£ 
H\ ® C£ 
^®Hl®Hl 
H° ® W9 <g> 



5 ^ Hl®H%®---®Hl 



where C/j is the canonical isomorphism in each of the four parts listed. We define the action of 2U on 
(%i,£i)*(ft 2 ,6) by AC := {/(^(A)® W)C/*C for all A G 21, and for all C € fx) * («a, 6)- In particular, 
the action of an element A G 2lj on (%x, £x) * (^2, £2) is given by 

A(£ ) - (^(A)^)^ © MA)& - (7^)6, &)«<&) G CCo ®H° i: 

for all Cx ® C2 ® • • • ® Cn € ® W° 2 ® • • • ® % ° n where ix = « 

A(Cx ® C2 ® • • • ® Cn) - «7Ti(A)Cl,Ci)^<a ® ••• ® Cn) e ((TTi(A)Cx - fa (A)Cx , &)«<&) © C2 ® • • ' ® Cn) 

■®Q n eUl®Hl®---®H° in 



which is an element of {Hi® - ■ -®H°J®(Hl®Hl®- ■ •®'H°J, and for all Cx®C2 
where i\ ^ i 



A(Ci <8 C2 



C„) = ((^(A)&,&)^Ci 



<8> Cn) © ((7Ti(A)^ - (7ri(>4)&,6> w< &) ® Cx 



® Cn) 



which is an element of (%? 



HZ)®(H°®H* 



H® ). We denote the C*-subalgebra of 



B((«i,£i) * (%,&)) generated by 2lx and 2t 2 by (2li,^i,Cx) * (2l 2 , 7T 2 , 

As previously mentioned, when dealing with reduced free products of C*-algebras, it is typical that 
the representations 7Tj are faithful GNS representations with unit cyclic vectors We will not make this 
restriction. 
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Construction 2.1.2. Let 2li and 2I2 be unital C*-algebras, let 3 be an ideal of 2li, let 7Ti j0 : — > B(Hifi), 
: 21 1 — > B(Hi,i), and 7T2 : 2I2 — > B{%2) be unital representations such that 771,0 and 7T2 are faithful and, 
if 'Hi := ®T-Li,i and q : 21 1 —> 2li/3 is the canonical quotient map, 7Ti := (771,0 °s) '■ 2ti — > B(Hi) is 

faithful, and let £1 e %i,o and £ 2 G %2 be unit vectors. Consider the reduced free products (2li/3,77i,o,£i) * 
(2t2, 12,6) and (2ti,7Ti,Ci) * (Sta, 7T2, $2)- Let (3)ai*a 2 denote the closed ideal of (2li,77i,£i) * (212,772, £2) 
generated by Z- 

Notice (2ti , TTi , £1 ) * (2l 2 , 7T 2 , £2 ) acts on (Ki , £1)* (K2 , 6) and (2ti/3, ti"i,o , 6)* (212? ^2 , 6) acts on (%i, , £1)* 
(^2,^2)- By the construction of the free product of Hilbcrt spaces, (%i,o,£i) * (^2, £2) can be viewed 
canonically as a Hilbert subspace of (%i,£i) * (7^2, £2)- Moreover, by considering the action of (2li,77i,£i) * 
(212,772, £2) on (%i,o,£i)* (^2,6) ^ (%i,£i)*(%,£2), it is easily seen that (%i,o, £1)* (%, £2) is an invariant 
subspace of (2li,77i,£i) * (212,772, £2) and the compression of (2li,77i,£i) * (2l2,77 2 ,£2) to this subspace is 
(2li/3, 7Ti,o, £1) * (2I2, 7T2, £2)- Thus there is a well-defined *-homomorphism 

7T I (2ll,7Tl,£l) * (2l 2 ,7T2,6) -> (2ll/3,77l,0,£l) * (2t 2 ,7T2,6) 

defined by 

7r(T) := P (Wl ^ l)+(W2 ^ 2) T| (Wl i0 , ?1 )*(« 2 , ?2 ) 

where P (Wl i0 ,$ 1 )*(w 2 ,^ 2 ) is the orthogonal projection of (%i,£i) * (%,&) onto (Wi, ,£i) * (%,6)- 

If J G -3 then it is easily seen that ,a)*(h 2 ,£ 2 ) = as 77i, (<7(</)) = tti,o(0) = 0- Therefore the 

algebraic ideal generated by 3 in (2li,77i,£i) * (2l2,772,£ 2 ) is in the kernel of 77 and thus (3)ai*a 2 Q ker(n). 
Hence we can consider the sequence of C*-algebras 

(a)a!*a 2 A (2li,77i,£i) * (2l 2 ,7r 2 ,6) ^ (2li/3, tti.o, £1) * (2l 2 , 77 2 , £>) -> 

where z is the inclusion map. Clearly i is injective, 77 is surjective, and (3)ai*a 2 Q ker(ir). Hence the sequence 
is exact if and only if ker(jx) C (3)ai*a 2 i that is there is no element of (2li,77i,£i) * (2t 2 , 772,^2) \ (3)ai*a 2 
that is zero on the copy of (%i,o, £1) * (%2,£2) inside (%i,£i) * (^2,^2)- 

The requirements on 7Ti o, 7Ti, and 7T2 are necessary to ensure we are considering objects related directly 
to 2li/3, 2li, and 2I2. The conditions on 77i,o, 7Ti, 7T2, £1, and £2 are also designed so the vectors £1 and £ 2 
give rise to vector states on our C*-algebras. Moreover 771,0, 7Ti, and 7T2 are assumed to be unital so the 
C*-algebras under consideration are truly reduced free products of C*-algebras. Finally the consideration of 
(2li,7Ti,£i) * (2t 2 ,7r2,^2) was necessary to ensure the *-homomorphism 7r existed. 

Our main goal is to prove the following result. 

Theorem 2.1.3. Let 2li and 2I2 be unital C* -algebras, let J be an ideal o/2ti, let 771,0 : 2li/3 — > B(Hi,o), 
77i,i : 2li — > i3(Hi,i), and 772 : 2l 2 — > Bi^rii) be unital representations such that 711,0 an d 772 are faithful and, if 
%i := Wifi © Hi. 1 and q : 21 1 — > 2li/3 is the canonical quotient map, tti := (711,0 <}) © ""1,1 : 2ti — > B(Hi) is 
faithful, and let £1 € "Hi,o and £2 G %2 be unit vectors. Under these assumptions, the sequence of C* -algebras 

-> (3) M2 A (2ll,77l,£l) * (2l 2 , 772,6) A (211/5 , 771,0, £l) * (2l 2 ,77 2 ,£ 2 ) 

is exact. 

Remarks 2.1.4. By the above discussion there exists a *-homomorphism 

(211,77!,$!) * (2l2,77 2 ,6) , /or t ^ /« „. * s 
— > (2ll/-J,77l,o,£l) * (212,772,42) 

W)ai*a 2 

and the question of whether or not the above sequence is exact is equivalent to this * -homomorphism being 
injective. Thus to prove the sequence is exact it would suffice to construct an inverse map. It is tempting 
to believe that such an inverse map exists due to the universal property of the reduced free products of 
C*-algebras (see Theorem 4.7.2 of BO ). However, to apply said property, we would need to know the 
vector states defined by £1 and $2 on 2ti/3 and 2I2 respectively had faithful GNS representations and 
we would need to know the state on ((2li, 77i, £1) * (2I2, 77 2 , $2))/(3)ai*a 2 induced by the vector state on 
(2ti,77i,£i) * (2I2, 77 2 , £2) from the distinguished vector has a faithful GNS representation. It is this later 
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condition that appears to provide the greatest obstacle. Thus, once Theorem 12.1.31 has been established, the 
state on ((2li,7Ti,£i) * (212, 7T2, £2))/(3)ai*a 2 induced by the vector state on (2li , 7Ti , £i ) * (2t 2 , T2, £2) from the 
distinguished vector has a faithful GNS representation whenever the vector states defined by £1 and £2 on 
Sti/3 and 2l 2 respectively have faithful GNS representations. 

The proof of Theorem 12.1.31 will be demonstrated over the next three sections. In Section 2.2 we will 
examine the ideal (-3)ai*a 2 by describing a set of operators with dense span. In Section 2.3 we will construct 
short exact sequence of C*-algebras involving Toeplitz-Pimsner algebras. In Section 2.4 we will embed each 
sequence under consideration from Theorem 12.1.31 into a sequence from Section 2.3 and, with a little work, 
this will complete the proof of Theorem 12.1.31 



2.2 Structure of the Ideal 



In our goal to prove Theorem 12.1.31 we will begin by analyzing the structure of the ideals (3)ai*a 2 under 
consideration. A set of operators consisting of products of elements from Z, 2li, and 21 2 will be shown to be 
dense in (-3)ai*a 2 using common arguments pertaining to reduced free products. We will then analyze the 
action of each of these operators on * (H2, £2)- 

Discussion 2.2.1. Let 21 1 and 2l 2 be unital C*-algebras, let Z be an ideal of 2ti, let tt 10 : 2li/3 — > B(Hifi), 
tti,i : 21 1 — > B(Hi t i), and 7T2 : 2l 2 — > be unital representations such that ~k\$ and iti are faithful and, 

if Hi := Hi,o © Hi,i and q : 2li — > QLi/Z is the canonical quotient map, n\ := (tt^q q) ® n^i : 2li — > B(Hi) 
is faithful, and let £1 G Hi$ and £ 2 € H2 be unit vectors. To determine the structure of (3)ai*a 2 inside 
(2li,7ri,£i) * (2l2,7r2,£ 2 ), note that 

s P an{A 1 B 1 ■ ■ ■ A n B n JB' 1 A[ ■ ■ ■ B' m A' m \ n, m > 0, A u Aj G 2l x , B u B' } G 2l 2 , J G Z} 

(where we can alway begin and end with an element of 2li as 2li is unital and %i is unital) is dense in 
(3)ai*a 2 - For z g {1,2} let 

21°:={Ag2L I (A^ i ,^ l )n i = 0} 

so 21, = C/gtj + 21". Using the fact that Z is an ideal of 2li and the fact that are the identity elements of 
(2li,7ri,£i)*(2l2,7r 2 ,C2), 



span 




■ A n B n JB' m A' m ■ 

■ A n B n JB m A m ■ 

■ A n B n JB m A m ■ 
A n B n J B' A' 



B[A[, 
B[A[, 

■A' 2 B[ 



n, m > 0, Ai, A'a G 21°, B u B'- G 21°, J G Z 



is dense in (J)a I *a 2 - Notice Z Q 21°. 

Discussion 2.2.2. To begin the analysis of (3)ai*2i 2J f° r * S {1,2} let H\ 
(2li,7Ti,£i) * (2l 2 ,7r 2 ,£2) acts on 



Hi C£i and recall that 



e 

n>l 



V 



e 

0fc}£=iC{l,2}, 
V ik ^ for k G {1, . . . , n - 1} 



IV 1 



H° 



as described in Notation 12.1.11 

Fix n, m > 0, {A,}f =1 , {^}™ 1 C 21°, {BJr =1 , {Bfif^ C 21°, and J G J. Let 

T = AiB 1 -..A.-B„JB^i4^..-^Ai and # = £^2 • • • A n S n J^^ • • • B'^. 

We desire to describe the actions of T and R on * (%2, £2)- First we claim that T and i? are zero on 



C£ © 0(H°®^°) 



0(H° ® ® Hi c (K l5 £i) * (ft 2 , 6)- 



. fe>i 



. fe>0 



7 



2.2 Structure of the Ideal 



2 SHORT SEQUENCES OF REDUCED FREE PRODUCTS 



To see this, notice for all k > 1 that 

A[{{H° 2 ® Hi)®*) CM?® {Hi ® Hi)® k 

(as A'^i e "H? by the assumption that A\ e 21°), 

Bi(W? ® ® H?)® fe ) CH^^S® ("tt . ® H?)® fc 

(as -BJ G 21°), and thus, by continuing the pattern, J will act on {H 2 ® %°J® TO+fe . However, as J£i = 0, J 
acts as the zero operator on ® H\)® m+k and thus T and R are zero on ("HP, ® H\)® k . The arguments 
for the other terms in the direct sum are similar. 

Thus it remains to describe the actions of T and R on 

0(«; ® hp^ fc ] e 1 0(w? ® H°)^ fc ® «° j c (h 1; a) * (h 2 , 6). 

v fe>i y y/t>o y 

We claim that T and i? are non-zero only on the direct summand 

(Hi ® «§)® fc J e I {Hi ® H°)^ fc ® «? ) c (Hr, 6) * (« 2 , 6), 

^fc>m+l / \k>m 

if fc > m and 

f?l ® Cl ® ' ' ' ® Vm ® Cm ® wi ® Cm+i ® • • • ® a ® ??fe+i e (H? ® -H ^ ® ft? 

then 

S(?7l®Cl®- ' '®?7m®Cm®f7m+l®Cm+l®- ' -®Cfc®?7fc+l) = S{m ®Cl ® ' ' '® ?7m® Cm® ?7m+l ) ® Cm+1® ' ' -®Cfc®?7fc+l 

for S — T and S — R, and if fc > m + 1 and 

771 ® Cl ® • • • ® Vm ® Cm ® »?m+l ® Cm+1 ® • • • ® T]k ® Cfc € ("H? ® ?^)® fe 

then 

S(?7l®Cl®- ' '®?7m®Cm®?7m+l®Cm+l®- ' -®??fc+l®Cfc+l) = S(»7l ® Cl ®" ' '® ?7m® Cm® f7m+l ) ® Cm+1® ' ' '®Vk®Ck 

for 5 = T and 5 = i?. To prove this result we will proceed by induction on m. For m = notice if fc > 1 
then for all 

r?i ® Ci ® • • • ® % ® Cfc e {H\ ® «§)® fc 

we have 

J(??i ® Ci ® • • • ® % ® Cfc) = (^1) ® Ci ® • • • ® Vk ® Cfc e (W? ® •H§)® fe 

as J(H?) C Hf. As B n e 2l§ 

B„{{Jm) ® Ci ® • • • ® % ® Cfc) = ® (Jm) ® Ci ® • • • ® % ® Cfc e %° ® ("H? ® -H^)^ fc . 

Similarly A„ € 21? so 

A n {B n & ® ( ® Ci ® ' ' ' ® »?fc ® Cfc) = ® 5„6 O (J»?i) O Ci O ' ' ' O »7fc O Cfc e O ("H? <g> -H^) 8fc . 
By repetition 

r(?7i ® Ci o • • • o % o Cfc) = ® S1C2 ® • • • ® A„Ci o s„C2 ® ® Ci ® • • • o % o Cfc 

and 

i?(?7i ® Ci o • • • ® % ® Cfc) = b^ 2 o ^2Ci o • • • o ^nCi o -B„c 2 ® {Jm) ® Ci ® • • • ® vk ® Cfc- 
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Similar arguments show for all k > and 

»7i®Ci®-"®Ck®%+i G (H?®H 2 °)^ fe ®H° 

that 

T(?7i <g> Ci ® • • • ® Cfe ® Vk+i) = ® Bi£ 2 ® • • • ® ® B„£ 2 ® (Jv?i) ® Ci ® • • • ® Cfe ® Vk+i 

and 

R(m ® Ci ® • • • ® Cfe ® »?fe+i) = ® A 2 ^i ® • • • ® A n ^ <g> B„£ 2 ® ® Ci ® ' ' ' ® Cfe ® Vk+i- 

Hence the base case is complete. 

Suppose m > 1 and the result is true for to — 1. Consider the action of B' 1 A' 1 . If 771 e then 

B^m) - B^m^i)^ + (Aim - (AIvu&hM)) 

= (A' im ,^) Hl B^ 2 +B^ 2 ® (^r?! - (^1,1,6)^6) 

which is an element of U% © (/H 2 ® ft?) as B[ e Sag. Since JB' m A' m ■ ■ ■ B' 2 A' 2 is zero on H§ 8 (ftg ® ft?) by 
earlier discussions, T and i? are zero on ft?. In addition, if 771 € "H? and Ci € "H§ then 

Bi^i^ ® Ci) = B'^m^n^i + (A[vi - (Alvu&nM) ® Ci) 

+Bi6® (^i»?i-Mi»7i^i>Wi^i)®Ci 

which is an element of C£o ffi^ffl (ftg ® ft? ® ft 2 ) as B^ G 2lg. Since JB^A' TO • • • B 2 A' 2 is zero on C£o 8 
ft 2 © (^2 ® ft? ® ft°) b y earlier discussions, T and i? are zero on ft? ® ft 2 . 
Now suppose ?7i € ft?, Ci € ftg, an( l 



e ( 0(^i ® ^2)^ fc ] © ( 0(W? ® ^2)^ ® ft? 

Then 



,fc>i / \fe>0 



BiAiOft ® Ci ® 0) - Bi«4»7i,£i>WiCi ®0 + (A[ m - (A' im ,^) n Ai) ® Ci ® 0) 

= (^iii.aiM, (BiCi, 6>« 2 + (4m, 6>wi (S1C1 - (BiCi, ® 
+B^ 2 ® (Ai»7i - (A'tfu^nM) ® Ci ® 0- 

Therefore, since JB^A^ • • • B 2 A 2 is zero on 

C£ © ( 0(ft!j ® U\)® k I 8 ( 0(ft§ ® ft?)® fc ® ft 2 

yfe>l J \k>Q 

we obtain that 

T( m ® Ci ® 0) = Kli,?!)^ (SiCi, 6>w a 4fli • • • A„B„ JB' m A' m ■ ■ ■ B' 2 A' 2 (9) 

and 

R(Vi ® Ci ® 0) = (4»7i, 6>Wi (B' 1 ^ 2 ) H2 B 1 A 2 ■ ■ ■ A n B n JB' m A' m ■ ■ ■ B' 2 A' 2 {9). 

Hence the result follows easily by the induction hypothesis. 
The above proof shows that if 

7?1 ® Cl ® • • • ® Vm ® Cm ® V G (til ® ft")®™ ® ft? 
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then 

T( m ® Ci ® ' • • ® ?7m ® Cm ® ??) 

(m \ / rn \ 

J[(Vk, (A' k r^)nA (. n<Cfc, (Sfc)*6>« 2 J (Mi) ® ® • • • ® ® (S„&) ® ^ 

and 

R(m <S) (i <£)■■■ <E) Vm <& (m <& ij) 

(m \ / rn \ 

II<^' (^fc)*^>wi J ( II<Cfc, (Bfc)*6>wJ ® (Aa^i) ® • • • ® (A^i) ® (B„&) ® Jr?. 

Discussion 2.2.3. Similarly if n > 0, m > 1, {^}? =1 , C a?, {-B^i C 2& and J e 

then 

T = A 1 B 1 ---^„B n JB^A / ro ---A^ and i? = B^a • • • A n B n JB' m A' m ■ ■ ■ A' 2 B[ 
are non-zero only on the direct summand 

(H° 2 ® n\r k j e ( (h" ® ?*°)® fc ® h° ] c a) * (« 2 , 6), 

K k>m / \k>m 

if fc > m and 

Cl ® ?7l ® • • • ® Cm ® »7m ® Cm+1 ® ?7m+l ® ■ ■ ■ ® T]k ® Cfc+1 € ® ® ^2 

then 

SCCl^l®- ' •®Cm®?7m®Cm+l®''7m+l®- ' -®??fc®Cfc+l) = S(Cl®rn®- ■ ■®(m®Vm)®(m+l®Vm+l®- ' -®»?fc®Cfc+l 

for S — T and S = R 1 ri k > m and 

Cl ® ?7l ® • • • ® Cm ® Vm ® Cm+1 ® Vm+1 ® ' ' ' ® Cfc ® % € (%2 ® Hi)®'* 

then 

S(Cl®»7l®- ' -®Cm®»?m®Cm+l®?7m+l®- ' -®Cfc+l®%+l) = S(Cl®»7l®- ' -®Cm®??m)®Cm+l®»7m+l® " 

for 5 = T and S = R, and if 

Ci ® m ® • • • ® ??m ® Cm ® v e (7*2 ® Hi)® 171 

then 

T(Cl ® ?7l ® ' ' ' ® Cm ® »7m) 

(m \ / rn \ 

II (4b)*6>Wi ) ( II K)^)« 2 I (AxCi) ® (B1C2) ® ■ ■ ■ ® (A^i) ® (B„6) ® Jr/. 

and 

i?(Cl §1l®'--§Cm® ?7m) 

(m \ / rn \ 

n (4)*6>«i j f n (Cfc, (Bfc)*&>« a j (S16) ® (a 2 ci) ® • • • ® (a„ci) ® ® j^. 
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2.3 Another Exact Sequence 

In this section we will examine a short exact sequence of C*-algebras involving Toeplitz-Pimsner algebras. 
An outline of the proof will be given after the following construction. 

Construction 2.3.1. Let 21 1 and 2I2 be unital C*-algebras, let 3 be an ideal of 2li, let 7Ti ; o : 2li/3 — > B(Hi } o), 
: 2li — > B{W-i t i), and tt2 : 2I2 — > B{%2) be unital representations such that 771,0 and ^2 are faithful and, 
if Hi := %i,o © %i,i and g : 21 1 — > 2li/3 is the canonical quotient map, 7Ti := (771,0 9) © 771,1 : 2li — > B{H\) 
is faithful, and let £1 e "Hi,o and £ 2 € be unit vectors. For notational purposes let 7^2,0 := "%2 and let 

772,0 := 7^2 : 2l 2 -> B(%2fi)- 

Consider the Hilbert space /C := /Ci © /C 2 where 

^ : = W 4l ® ■ ■ ■ ® 

{i fc }JUiC{l,2},ii = t 
«fe 7^ *fe+i for fc e {1,. . . ,n} 

for « e {1,2}. To simplify notation, for all i e {1, 2} and n e N let 

£j,n ■■= <£)■■■ <S> H in 

where {ik\k=i ^ {1j 2}, «i = i, and i fe 7^ i k +i for fc e {1, . . . , n}. Thus 

neN,»£{l,2} 

Let 5 G /3(/C) be the isometry defined by 

5(?7i ® • • • ® r) n ) = £1 ® rji ® • • • ® jy n e £i,n+i 

for all 771 ® • • • ® ?7„ e £2,™, 

5(?7i ® • • • <g> »7 n ) = £2 ® »7l ® ■ ■ ■ ® »7n € £2,71+1 

for all 771 ® • • • ® 77„ € £i, ra , and by extending by linearity and density. It is clear that the action of 5* G B(JC) 
is given by 5* (77) = for all 77 e £14 © £ 2 ,i and 

5*(?7i® •••®?7„) = (jyi,£»)w 4 »72®---®»7n 

for all 771 ® • • • ® ?7„ € A,n and i e {1, 2}. 

Notice that 21 1 © 2I2 has a faithful representation on JC given by 

{A x © A 2 )(?7i ® • • • ® ?7„) = 7r 4 (A 4 )?7i ® • • • ® rj n 

for all 771 ® • • • ® 77„ e A,™, Aj E and i e {1, 2}. Let C*(2li © 2l 2 , 5) denote the C*-subalgebra of S(/C) 
generated by 2li © 2I2 and 5. From this point onward we will suppress the representations 71^ and view 
2li C 2li © 2l 2 C C*(2li © 2( 2 , 5) canonically. The C*-algebra C*(2li © 2l 2 , 5) is called a Toeplitz-Pimsner 
C*-algebra (usually it is required that 7Ti and 772 are faithful GNS representations). 
Similarly consider the Hilbert space /Co := /C1.0 © £2,0 where 

£i,o:=0 H il , ®---®H in , 

WLiC{l,2},ii=i 
ifc 7^ «fc+i for fc e {1, . . . ,n} 

for i <G {1, 2}. Let 5o <E /3(/C) be the isometry defined by 

5 (t7i ® • • • ® rjn) = £1 ® ?7i ® • • • ® 77„ 
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for all ?7i ® • • • ® 7?„ G £2,0, 

So(»7l ® ' ■ ' ® »?n) = 6 ® »7l ® • • • <8> »?n 

for all 771 © • • • © ?7 n G /Ci,0: and by extending by linearity and density. 
Notice that (21 1 / J) © 2l 2 has a faithful representation on /Co given by 

{Ax © A 2 )(t?i ® • • • ® ??„) = ^(AOr/i ® • • • <g> rj n 

for all 771 ® • • • <g> r) n € /Q, A x G 2li/3, A 2 € 2t 2 , and i G {1,2}. Let C*((2li/3) © 212,50) denote the 
C*-subalgebra of B(K-o) generated by (2li/3) © 2l 2 and So- From this point onward, we will suppress the 
representations 71^0 and view 2ti/3, 2I2 C C*((%i/3) ©212, So) canonically. 

Notice /Co may be viewed canonically as a Hilbert subspace of K. since Hi ft C T^i and T^.o = %s< By 
considering the actions of 2li , 2Lj , S, and 5* , it is easy to see that /Co is a reducing subspace of C* (2ti © 2l 2 , S) 
since £1 G Hi,o and £2 G %,o- 

Let tt' : B{JC) — > B(/Cq) be the compression of $(/C) onto $(/Co); that is, if P;c is the orthogonal projection 
of K, onto K-q , 

tt'(T) = P Co Tk 

for all T € B(JC). It is trivial to verify that 

tt'(S) = S 

and 

tt 1 {A x © A 2 ) - (Ai + a) © A 2 G C* ((2li/3) © 2l 2 , S ) 

for all Ai © A 2 G 2li © 2l 2 . Since /Co C JC is a reducing subspace of C*(2ti © 212,5), 7r'|c*(aiesi2,S') i s a 
surjective *-homomorphism. 

Let (3}c*(2li©2t 2 „S) be the ideal of C*(2li © 212,5*) generated by 3 C 2ti. Since 7Ti,o(J) = for all J e 3, 
it is clear that 

(3)c*(a,®a 2 ,s) C fcer(Tr'). 
The main result of this section is the following. 

Theorem 2.3.2. FFif/i the notation as in Construction [^IQl f/ie sequence 

-> (3>c*(2t 1 e2i 2 ,s) -> C*(2t x ©2l 2 ,S) 4 C*((2l 1 /a)ffi2t 2 ,5 ) -> 

is exact. 

To prove Theorcm l2.3.2l wc will split the proof into several smaller results. The proof begins by examining 
some basic structural facts about C*(2li © 2I2, S). Next an action of the unit circle on C*(2li © 2I2, S) is 
defined which enables us to create a 'Fourier series' for C*(2li © 212,5'). It is then easy to see that the 
sequence is exact if and only if the possible 'Fourier coefficients' of elements from ker{i:') and (3)c*(2ii©a 2 ,S) 
agree. This fact that the Fourier coefficients agree is proved by directly analyzing the structure of these 
'Fourier coefficients'. 

Lemma 2.3.3. For all i G {1, 2} and A G 2tj 

S*AS={A£ i ,^ Hi P Kj 

where j G {1,2} \ {i} and Pfc j is the orthogonal projection of K onto K-j. In addition, for all i G {1,2}, 
j G {l,2}\{i}, andA,B€ 21, 

ASB = 0, AS*B = 0, P K] SA = SA, and AS*P K] =AS*. 

Whence 

n,m>0,{7 fc K±r +1 G{l,2}, 



span i{AxS){A 2 S) ■ ■ ■ {A n S)A n+1 {S* A„ +2 ) ■ • • (S* A n+m+1 ) 
is dense in C* (2ti © 2t 2 , S) . 



ik 7^ ik+i for k G {1, . . . ,n}, A k G 21 
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Proof. Fix i £ {1, 2}, let j £ {1, 2} \ {i}, and let A £ 21,. If C & K>i then S( £ JC 2 so S*AS( = 0. However, 
if 771 <g> • • • ® r] n £ Cj^ n then 

S*AS(r] 1 <g> • • • <g> r?„) = <g> r?i <g> • • • <g> r?„) 

= ® r?i ® • • • ® r?„) 

= (Mi,€i)-HiVi®---®Vn 

Whence, by linearity and density, S*AS = (A^, ^^P^ . 

Fix i £ {1, 2}, j £ {1, 2} \ {i}, and A, B £ 21,. To see ASS = notice A(C jtn ) = {0} and B(C jtn ) = {0} 
for all n. However S(B(L^ n )) C £ J>+1 and thus ASS = 0. Similarly AS* B = 0. To see P Kj SA = SA 
notice SA(£ j>n ) = {0} and ) C £ J>+1 C /C,. Hence P Kj SA = SA. Similarly AS* P K] = AS*. 

Using the fact that Alg^x, 2l 2 , S 1 , S 1 *) is dense in C* (2li © 2l 2 , 5"), 2li ©2l 2 is unital, the fact that P K] £ Qlj 
for all j £ {1, 2}, and the above results, we obtain that the desired span is dense in C*(2li © 2l 2 , S). □ 

The next step in the proof is to define a action of the unit circle T on B(JC). For each 9 £ [0, 2n) define 
U e £ B(JC) by 

U e {m ® • • • ® T)n) = e-^^T]! <g> ■ ■ ■ <g> % 

(where we use v / — T instead of i as we commonly use i as an index) for all 771 ® • • • ® ?7„ £ d, n and extend 
by linearity and density (that is, Ug is multiplication by e ~ n9 ^~^ on tensors of JC of length n). It is clear 
that Ue is a unitary operator with Ug = U-g and U$Up = Ug+p (where we view + (5 mod 2tt). Define the 
*-homomorphisms ag : B{K) -> B{K) by a e {T) = U* g TU e for all T £ B{K). 

Lemma 2.3.4. IfT £ C*(2li ® 2l 2 , S) and ag (T) = T for all 6 £ [0,2tt) then 

T (£^ n ) £ £i.n 

for all i £ {1, 2} and for all n £ N. 
Proof. First it is clear that 

( £l,n)e( C2,n) 



and 



\n— 1 mod 2 / \n— 2 mod 2 



Oaf A,J 

\n— 1 mod 2 / \n— 2 mod 2 / 



are reducing subspaces of C*(2li © 2l 2 , S) since each is invariant under Sli, 2l 2 , S 1 , and S 1 *. 

Suppose otherwise that there exists an i £ {1,2}, an to £ N, and an h £ d. m so that T(h) ^ £i. m - 
Without loss of generality suppose 



A, m c A,J©( 

\n— 1 mod 2 / \n— 2 m< 



^2,n J • 
mod 2 / 

Thus T(h) £ (© n=1 mod2 A, n ) © (0 n=2 mod2 Write 

T(/ l ) = 0/i j 

where /ij e if j is odd and hj £ C 2 ,j when j is even. Since T(h) £ A, mi there exists ateN\ {m} such 
that hk ^ 0. However 

hj = T(h) = a g (T)h = U-eTUeh = U-gTe^^h = e^^U-g 0/J = 0(e" (m ^ )ev ^ T )^ 
j>i \i>i / i>i 

for all e [0,2tt). Therefore ft fc = e'^-^^hk for all e [0,2tt). As fc 7^ to and ft fc ^ 0, this is an 
impossibility. □ 
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Next we obtain some important results by considering the action of ag on C*(2li © 2I2, S). 
Lemma 2.3.5. For all 6 e [0, 2tt) and all A e 21 1 © 2l 2 

a (S*) = e ^ 1 ^ and a fl (A) = A. 
Therefore 9 ^ a$(T) is a continuous map for all T e C*(2li ® 2I2, 5*). Hence the map 

£ : C*(2li 8 212,5) C*(2li ©2l 2 ,S*) 

given &y 



£(T) := / a e {T)dO 



r2-K 

is a well-defined, contractive linear map with the property that ag(£(T)) = £(T) for all T <G C*(2li © 2l 2 , 5) 
and 9 e [0,2?r). 

Proof. The fact that a#(A) = ^ f° r au # € [0, 27r) and A € 2li © 2t 2 comes from the fact that each £^ n is 
an invariant subspace of 2li © 2l 2 and thus € (2ti © 2t 2 )' (the commutant of 2li © 2l 2 ). Notice for each 
i e {1, 2} and each r/i ® ■ ■ ■ ® r/ n £ C itn that 

ae(S')(»7i ® • • • ® = C/'-oS (e^™ 9 ^ 1 /?! ® • • • ® 

= C/-e (e-™ 9 ^^- ® r?i <g> • • • O r? n ) 
= e („+i) 9 v=T e -n9V=T^. c3) r?i O - - - O r?^ 
= e 9v ^ T S'(? ? i <g> • • • <g> j?„) 

where j € {1, 2} \ {i}. Whence ag(S) — e e ^^S by linearity and density. 

To sec 6 1 y ctg(T) is a continuous map for all T e C*(2li © 2l2,S'), notice the result holds for all 
T e AZgr(2li ©2I2, 5, 5*) by the above results. Since each ag is a contraction and Alg(Qli ©2I2, S 1 , 5 1 *) is dense 
in C*(2li © 2l 2 , S), the result follows. 

The fact that £ is a well-defined, contractive linear map is then trivial and the fact that ag(£(T)) — £(T) 
for all T e C*(2li © 2I2, S) follows from the fact that ag o otp = ag + p (as UgUp = Ug + p) and the fact that 
the Lebesgue measure on the unit circle is translation invariant. □ 

The map £ has many other properties (e.g. it is positive and faithful) that will not be needed. What 
will be needed is the fact that £ allows us to create a 'Fourier series' for elements of C*(2li © 2I2, S). 

Lemma 2.3.6. For all T e C*(2li © 2l 2 , S) andneN define 

(S*) j £(SiT) + J2'' ' 
, ■ 3=1 



Then lim^oo ||T - E n (T)|| = 0. 

Proof. Notice for all T e C*(2ti © 2l 2 , S) that 



E„ ( T) = 1 1 (l - -L^ (Syag(S^T) + g (l - ^T^)^ d9 

- i / 2 ' (g (l - ^Tl) ^(fi^MT) + g (l - ^) e-^a fl (r)(Sf)i fi fij dO 



27 



CT„(0)a e (T)d# 
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where <J n {Q) := 52™ = _„ ^1 — 7T+t) c? 6s ^~^ is Fejer's kernel. Recall { ^< J n(9)d9} n>1 define probability mea- 
sures on T that converge weak* (from C(T)) to the point mass at 0. Thus 



\\Vn(T)\\ < 



2tt 



2tt 



a n (0)\\a 9 (T)\\dO = \\T\\ 



for all n G N. Since £ and thus E n is linear for all n G N and each £„ is a contraction, it suffices to prove 
the result on a set whose span is dense; namely {AiSA 2 S ■ ■ ■ A n SBS*C\S* ■ ■ ■ S*B m \ n,m > 0, A, B, Cj G 
2li © 2t 2 } by Lemma [2X3] 

To complete the proof, notice if T = A 1 SA 2 S ■ ■ ■ A n SBS*CiS* ■ ■ ■ S*B m where n, m > and A h B, Cj G 
2li © 2l 2 then 

E(S k T) - ^ ilfc + n = m 



and 



Whence E fe (T) = (l 



£{T{S*) k ) = 



otherwise 
T(S*) k if n = m + fc 



|n— m| 
fc+1 



otherwise 
T for all k > |n — m| which clearly converges to T as k — > oo. 



□ 



Discussion 2.3.7. Let 7r' : C*(2ti © 2l 2 ,5) -> C*((2li/3) © 2l 2 ,So) be the compression map under con- 
sideration in Theorem 12.3.21 To prove Theorem 12.3.21 it suffices to prove fcer(7r') C (-3)c*(ai©a 2 ,S)- Notice 
each element of 3 is fixed by each ag. Thus £ maps the algebraic ideal generated by 3 in Alg(%, S, S*) into 

(3)c*(sti©st3,s) and tnus £ (( J)c"'(a iea2,s)) £ (3)c*(aiea 2 ,s)- 

Recall from Construction 12 . 3 . J that T 6 C* (2li©2t 2 , S^flfcerfV) if and only if T acts as the zero operator 
on K-q C K. As ICq C IC is an invariant subspace for each Ug, we see T € ker(ir') if and only if ag(T) € ker{n') 
for all 6* 6 [0,27r). Hence £{ker{-K')) C ker(n'). Moreover we notice £ ((-3)c*(2ii©a 2 ,s)) £ £(ker(n')). The 
conclusion of the proof will be obtain by showing £ ((3)c*(2ii©a 2 .S)) = £{ker(n')) due to the following 
lemma. 



Lemma 2.3.8. I/£ «3)c*(sti©ai 2 „s)) = £(fcer(?r')) i/ien fcer(Tr') = (3) c » 



(2ti©a 2 ,s)- 



Proof. By Construction I2.3TT1 it suffices to show that ker{n') C (3)c*(ai©2t 2 ,s)- Let T G fcer(7r'). Recall 
T = Um„^ooS n (T) by Lemma [23H Moreover 5 fc T G fcer(Tr') and T(S*) k G fcer(Tr') for all k > as 
T G fcer(Tr'). Whence £(S fc T), £(T(S*) fc ) G £(ker(n')) = £ ((Z)a*(* l(S * 2 ,s)) C (3)c.(a lffi a a> s) for all fc > 0. 
This implies that E„(T) G (3)c*(a 1 ®a 2 ,,S) for all n and thus T G (3)c*(ai®a 2 ,S)- □ 

Discussion 2.3.9. To begin the process of showing £ ((3)c*(ai©a 2 ,S)) = £{ker(n')) we will examine the 
structure of (3)c*(ai©a 2 ,s)- Notice if J G 3 then JS = as J£i = 0. Whence S*J — for all J G J. 
Therefore, using the properties that the algebraic ideal generated by 3 in Alg(Qli, 2l 2 , S, S*) is dense in 
(3)c*(2ii©a 2 ,s) and the results and ideas from Lemma T2.3.31 the span of 



(A n S)(A n -iS) ■ ■ ■ (A 1 S)J(S*B 1 )(S*B 2 ) ■ ■ ■ (S*B m ) 

is dense in (5)c*(aiffia,,S)- 
Notation 2.3.10. For each n > let 



3 ( „) := span { (A n 5)(A„_ 1 5) • • ■ (A 1 S)J(S* B 1 )(S* B 2 ) ■ ■ ■ (S*B n ) 



and 



n, m > 0, J G 5, 
A,-Bj g 2li if i, j 



mod 2, 



A, -Bj G 2l 2 if «, j = 1 mod 2 



span { (A n S)(A n ^S) ■ ■ ■ (A 1 S)A(S*B 1 )(S*B 2 ) ■ ■ ■ (S*B n 



J G 3, 

Ai, Bj G 21 1 if i, j = mod 2, 
Ai, Bj G 2t 2 if i,j = 1 mod 2 



Ag 2li, 

Ai, G 2ti if i,j = mod 2, 
A, Bj G 2l 2 if i,j = 1 mod 2 
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2 SHORT SEQUENCES OF REDUCED FREE PRODUCTS 



and 



2l 2 , (n) := span { (A n S)(A n ^S) ■ ■ ■ (A 1 S)A(S*B 1 )(S*B 2 ) ■ ■ ■ (S* B n ) 



Ae2l 2 , 

A h Bj G 2l 2 if i,j = mod 2, 
A h Bj G 2li if i, j = 1 mod 2 



Lemma 2.3.11. T/ie span o/U„> 3(n) is dense irl ^ ((3)c*(»ie»2,s)) and the span o/|J n > (2li,(„) U2l 2 ,(„)) 
is dense in £ (C*(2li © 2l 2 , 5)). 

Proof. We will only prove the first claim as the second follows verbatim with the aid of Lemma 12.3.31 It is 
clear U„> 3(n) Q £ «3)c«(ai©at a ,s))- 

Let T G £ ((3)c*(2ii©a 2 ,s)) and let e > 0. As T e (3)c*(ai®a 2 ,S) there exists an 



i? G span ^ (j4 n 5)(A n _i5) • • ■ (A 1 S)J(S*B 1 )(S*B 2 ) ■ ■ ■ (S*B m ) 



n, m > 0, J G 3, 

Ai,Bj € 2ti if i,j — mod 2, 

Ai, G 2l 2 if i,j=l mod 2 



such that ||T - i?|| < e. Then £ (T) = T since T £ £ ((3)c*(siiesi2,S)) and thus 

||T-£(.R)|| = ||£(T- < ||T-i?|| < e. 

Clearly 



£ I span yA n S)(A n ^S) ■ ■ ■ (AiS)J(S* B^S* B 2 ) ■ ■ ■ (S*B. n: ] 
span J • • • (A 1 S)J(S*B 1 )(S*B 2 ) ■ ■ ■ (S* B n ) 



n, to > 0, J € 3, 
Ai, Bj G 2ti if i, j = mod 2, 
Aj, G 2l 2 if i,j = 1 mod 2 

n > 0, J e 3, 

A i; .Bj G 2ti if i, j = mod 2, 
A i; .Bj G 2l 2 if i,j = 1 mod 2 



,n>0 



Thus G span MJn>o3(«)J which completes the claim. 



□ 



Discussion 2.3.12. Now we will examine how Slwn), 2l 2 .(„), and 3( n ) act on /C. We will begin with the 
analysis of 2tw n ) and 3(n) as the analysis of 2t 2j („) will be similar. 

Since £{T) = T for all T G 2li, (n) (T G J(„)), T{C i<m ) C A, m for all i G {1,2} and to G N by Lemma 
[2X1 Fix 

T = {A n S){A n - X S) ■ ■ ■ (A 1 S)A(S*B 1 )(S*B 2 ) ■ ■ ■ (S*B n ) 

where A t , Bj G 2li if i, j = mod 2, Aj,_Bj G 2l 2 if i, j = 1 mod 2, and A G 21 1 (A G 3). If k G {1, 2} and 
k = n mod 2 then T(£ fe>ro ) = {0} for all to G N. Fix k G {1, 2} with fc ^ n mod 2 and let £ G {1, 2} \ {k}. 
Then for all r)i ® • • • ® ?7 n+ i G £fc, n +i 



T(»7i ® • • • ® 77„+i) 

(B„77i,6)« k ((A„S , )(A n _ 1 S') • ■ ■ (A 1 5)A(5* J B 1 )(5*B 2 ) • • • (S*B n ^))(n 2 



Vn+l) 



( \ ( 



II (■ B j»7n-j+l,£l)« l 
j G {l,...,n} 
V j even / 

(>7i ® • • • ® r?„, B^ fe ® ® • • 



(A n 5)(A n _ 1 5) • ■ • (A 1 ^)A7 ?n+1 



je{i,...,n} 
V i odd / 

B* 2 ii ® B 1 6)£ fcn (A»5)(A n _ 1 ,S) • • ■ (A 2 5)(A 1 C 2 ® At7„ +1 ) 



(r) 1 ®---®Vn,B*£ k ®Bl l _ 1 £ r 



# 2 £i ® ^i*6)£ fc „(A„^ fe ® A n _i& 



A 2 6 ® Ai^ 2 ® Ary n+ i). 
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Moreover T acts as the zero operator on elements of Ck, m for all to < n since the m th S* will act on 
an element of Ci t i © £2,1- Finally if to > n + 1 notice £fc >m = £fc,n+i ® £fc,m-n-i if Ji + 1 is even and 
£fc,m — £k,n+i ® Ci t m- n -i if n + 1 is odd. Therefore, if R = T\c k „ +1 , it is easy to see that T acts on Ck,m 
as R © /c fe m _„_i when n + 1 is even and to > n + 1 and T acts on £& )TO as P © Ic e m _„_i when n + 1 is odd 
and m > n + 1 . 

For i G {1,2} let A/i = 2lj^ which is a Hilbert subspace of %,o C containing £j. Thus, for a fixed 
fc G {1, 2} with k n mod 2 and with £ € {1, 2} \ {fc}, by restricting to £t,n and taking limits of elements 
of 2ti,( n ) (3( n )) over • • • ) A n , Si, . . . , B n where Ai, Bj £ 2li if i, j = mod 2 and Ai,Bj £ 2l 2 if z, j = 1 
mod 2, every operator in B{Lk,n) of the form 



'/1 



r/ n+ l H> (771 © • • • © T) n , & 



where Cj G ■Mfc if », J = 1 mod 2, Ci, Cj £ if hj — mod 2, and A G 21 1 (Ae3) may be obtained. 

For completion we will describe the action of 2l 2i („) ° n Since £(T) = T for all T £ %2,{n)i T{d l7n ) Q 
Ci.rn for all i £ {1,2} and to £ N by Lemma |2"1TI1 Fix 

T = (A^)(A„_i5) • • • (A 1 S)A(S*B 1 )(S*B 2 ) ■ ■ ■ (S*B n ) 

where A i: Bj £ 2l 2 if i,j = mod 2, Aj,Py € 2li if i, j = 1 mod 2, and A G 2l 2 - If fc G {1,2} and fc 7^ n 
mod 2 then T{C k . m ) = {0} for all m £ N. Fix fc G {1, 2} with fc = n mod 2 and let t £ {1, 2} \ {k}. Then 
for all ?7i • • • (g) n n+1 £ Ck, n +i 



T(rn ® • • • <g> ?7 n+ i) 



#26 © BI&)A,, B (A»£k ® A„_i£ £ 



Moreover T acts as the zero operator on elements of Ct.m for all to < n since the m S* will act on an 
element of £1,1 © £2,1- Finally, if R = T\c k n+1 it is easy to see that T acts on £fc. m as R ® J,c fc m _ n _! when 
n + 1 is even and m > n + 1 and T acts on Ck,m as P ® i/^ m _„_! when n + 1 is odd and m > n + 1. 

Lastly notice if T G 2ti („) , P G 2t 2 ,(n), G {1, 2}, k — n mod 2, and £ ^ n mod 2 then the actions of 
T and P are completely determined by their actions on £i. n+ i © £2,71+1 with T(£fc iTn ) — {0} for all m G N, 
R(Ci l7n ) = {0} for all m £ N, and 



|T + P|| =max{||T| £ ^ +1 ||,||i?| £fc ,„ +1 ||}. 
The above structure will be important as we will consider the restriction of £ ((-3) 



c*(aiea 2 ,s)y 



and 



£ [her {it')) to the subspaces £i, n © £2,™ of /C. For m, n £ N and i G {1,2} let P^ m be the orthogonal 
projection of K, onto £i, m , let P m be the orthogonal projection of K, onto £i, TO ©£2,m ( s ° — Pi,m + P2,m), 
and let Q„ = Y^j=i Pj which is the orthogonal projection of JC onto 0]! = i(£i,fc © £2,*;)- Therefore, using 
the above discussion, Sti ( n )P m = {0} and S^^-Pm = {0} for all m < n and if to > n + 1 then each element 
P G 2ti,(n) U 2t 2 ,(ri) acts on £i jm by (Pi jn +iTPi in+ i) ® / where / is the appropriate identity and acts on 
£2.™ by (P 2i „+iTP 2i „_|_i) © / where / is the appropriate identity. Using the P n 's and the above information 
about the actions of %LiJ n ), ^2. (n)) and Z( n ) ° n £i,n © £2,71 > w e obtain the following. 

Lemma 2.3.13. The set Q n [span (U m <„3(m))) Qn is dense in Q n £ (ker(7r'))Q„ for all n £ N. 

Proof. Clearly Q„ [span (U ro < n 3(m))) Qn ^ Qni?(ker(7r / ))Q„ for all n G N. Thus it suffices to show that 
each element of £(ker(7r')) can be approximated uniformly on Q m /C by an element of span ([) m<n Z( m ))- We 
proceed by induction on n. 

Let T £ £(ker(ir')) and let e > 0. As T G £(C*(2ti © 2t 2 , 5)) Lemma [2XTT1 implies that there exists an 



to G N, Tij G 9ti,(j), and T 2j G 2l 2i ( 7 ) such that 



0') 



J _ 2^Z = 1 2^1=0 J *. 



< e. Therefore 



IP1TP1 - P1T1 0P1 - PiT 2 . Pi\ 



< e 
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as 9ti,y)Pi = {0} for all j > 1 and i G {1,2}. Note T h0 G &i,(o) = 2ti and T 2j0 € 2t 2 ,(o) = 2t 2 . However 
PxTPxiUxfi) = {0} as T G fcer(Tr') and PiT 2 , PiCHi,o) = {0} as T 2 , € 2t 2 . Whence 

||T 1)0 /i|| = HPiTPi/i - PiT li0 Pi/i - PiTa.oPi/iH < e 

for all ft- G "Hi,o- Since 2ti act on Hi t a via 71-1,0° <z, IKi,o(9(^b))|| < e - Thus ||g(To)|| ai < e as 7ri ; o is a faithful 
representation of 2ti/3- Hence there exists a J € 3 such that ||Ti,o — J|| < e. Similarly P1TP1CH2) — {0} as 
T G ker(ir') and Ti,o(%2) = {0} as Ti,o € 2ti- Hence, as 7r 2 was a faithful representation, ||T 2j o|| < £• Thus 
J € J(o) and 

TP! - PiJPxH < \\P1TP1 - P x T lfi P x - PxT 2fi P x \\ + ||T 2 ,o|| + ||T li0 - J\\ < 3e 

as desired. 

Suppose the result is true for some n > 1. Let T G £(ker(ir')) and let e > 0. As T G £(C*(2li © 
2t 2 ,5)) Lemma 12.3.111 implies that there exists an m G N, T± t j G Sli.m, and T 2j - G 2li,(j) such that 



< e. Therefore 

2 n-l 



2 m 
»=1 j=0 



< e 



as 2li,(j)P/c = {0} for all j > k and all i G {1,2}. By the inductive hypothesis there exists an R G 
span (U ro<n 3(m)) sucn that 

||Q„TQ„-Q„PQ„|| <e 



and thus 



QnRQn ~ Qn | ^ ^ J Q r 

i=l j=0 



< 2e. 



However, as P G span (U m <„ 3(m)) and £V =1 £™=o Ti J e s ^ an (U m <n( a i,N U 2t 2 ,( m ))) 

Pn+lPPn+l — Pn+1 



EE^h 

_ i=l 3=0 



n+1 



P n RP n P n I ^ ^ ^ ^ I Pi 

»=1 j=0 



< 2e 



by Discussion 12.3. 121 Therefore, by considering direct sums, 

(2 n-l 
E/ E/ j 1 
z=l j=0 



< 2e. 



Hence 



IQn+lT'Qn+l — Qn+lRQn+1 — Qn+\T\ t nQn+l — Qn+l^^Qn+l ||<3e (*). 



Thus it suffices to approximate Ti^+T^.n G 2li.( n )+2l 2 .(n) uniformly on Q n+ \K, with an element of Z( n )- Since 
elements of 2li.(„), 21-2, (n) and 3(n) are zero when restricted to <5„/C, it suffices to perform the approximation 
on © £ 2jn+ i. 

First we claim that ||T 2) „|| < 3e. Fix fc G {1,2} with fc = n mod 2 and let i G {1,2} \ {fc}. By the 
description of the action of T 2 ,„ on JC it suffices to show that ||Pfc, ra +i72,n|£ fc n+1 \\ < 3e. However, by the 
description of the action of T 2 . n on K. as given in Discussion 12.3.121 Pk,n+\T2,n\c k n+1 is supported on 



n 



i2,0 



Hi 



n 



'-.+1 



(since 21^^ C "Hi o for all i G {1,2}) where ij = k if j is odd and ij = I if j is even (and automatically 
i n +x = 2). However T and R vanish on the above Hilbert space as they are elements of ker(n') and T\^ n 
vanishes on the above Hilbert space by Discussion l2.3.12l Hence ||T 2>n || < 3e as claimed. 
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Next we desire to approximate T\ yTl with an element of Z(n)- To begin fix k G {1,2} with k ^ n mod 2 
and let £ G {1, 2} \ {k}. Hence T\^ n is completely determined by its action on Ck,n+i and 

\\Pk,n+\TPk,n+l — Pk,n+\RPk,n+l — Pk,n+lT\, n Pk,n+l\\ < 3e (**) 

by (*) and the fact that Pk, n +iT2, n Pk,n+i = by Discussion 12. 3.121 
Write 



T hn = Y^A ( r fSA^ ) _ 1 S...A[ q) SA^S*B[ q} S*B i 2 q} ■ ■ ■ S*B. 



(</) 



9=1 



where A^ ,B<f G 2li if i,j = mod 2, A^,^ € 2t 2 if i,j = 1 mod 2, and A^ € 2l x for all <? G 
{1, . . . ,p}. By earlier discussion Ti,„ acts on Ck. n +i by 



p / 

? =1 



Vn+l) 



By viewing Ti.„ G jB(£fc in _|_i) and by applying the Gram-Schmidt Orthogonalization Process, we can write 
T\ n as the map 



Ti, n : T]i ® • • • O ??„ + i h-> E E^ 1 ® ' 

»=i i=i 

where {A^-jf^ C span({A^ \ q G {1, . . . ,p}}) C 2ti and 

0, g Mi ® M 2 ® • • ■ ® M n 



(where for i G {1, 2} A/i = 2lj£i, ij = fc if j is odd, and ij = £ ii j is even (and automatically i n = 2)) are 
such that {CjjjLi and {wj}^ =1 are orthonormal sets. 

Suppose £ G £fe /rt +i is such that ||£| < 1. Then we can write £ = X)j=i Cj ® + S 7 er C7 ® ^7 where 
I^Ker C n extends {Cj}^ = i to an orthonormal basis of Ck, n and r/j,^ G Hi. Thus 53?=i ll^j'll 2 — 
IICII 2 < 1 and 



|Ti,„CII 



V V 

j=i i=i 
p / p 

»=i \j=i 



E 



3=1 



(* * *). 



Hi 



This final expression is directly related to the norm of [Ai j] G -M p (2li). Indeed recall that 2tj is acting on 
Hi = Hi, © Hi,i via (tti.o ° g) © 7Ti,i and define cr p : M p (kx) -> B{Hf p ) by 



^(Kj])(/ii © • • • © h t ) = E<A 

i=i \j=i 

for all [Af •] G M. p (%i). Clearly a p is a faithful representation of A4 p (2ti) since (711,0 ° 9) © 711,1 is a faithful 
representation of 2ti- Notice <x P ([A^]) is zero on H®q C Hf p if and only if each A^- is zero on Hi,o if and 
only if [AJ •] G A4 P (3)- Since jM p (3) is an ideal of J M p (2li), H®g is a reducing subspace for <r p (A4 p (2li)), and 
A4 P (3) = fcer ^cr p | w e P ^, we obtain that cf p \ h bp is a faithful representation of Al p (2li)/A / t p (3) — .M p (2ti/3)- 
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Using (**) and the fact that Pk, n +\PPk,n+x ~ Pk,n+\RPh,n+i is zer0 on 

%i,0 ® 74s,0 ® • • • ® %„,0 ® %i„+i,0 

where ij = fc if j is odd and ij = I if j is even (and automatically i n +i = 1) (as T G £(ker(ir')) and 
Re span (U m <„3(m))), 



As Wj,Cj e olSi'Hia.Q 



•F , n+l^l,n-Pn+l|'Hi 1 ,o®W*„q®— ®W< n ,o®Ki„ +1 ,o < 3e- 

® %i„,o for all i, j € {1, . . . using (* * *) we see that 



E 



v 



i=i 



< 3e 



Hi 



for all r/i,. . . ,n p € "Hi.o with ll^jll 2 — !• Whence CpG^jDI-^ep < 3e. Since a p \ H @ P is a faithful rep- 

resentation of MpC&i) I M P {Z) — M p ($ii/3), there exists a [Jij] £ M P {Z) such that || [AjJ\ — [J, 



3e. Thus 



MJiiM P (ai) 



< 



E 



J'=l 



2 \ 2 



< 3e 



Mi, 



for all 771, . . . , n e £ Hi with Yfj=i II":?" II 2 < 1 
Define R' e B(C k , n+1 ) by 



R' : r]i ® • • • ® %+i i ^ E^ 1 



"n n ,c,j){u)i ® JijT] n+1 ) 



and extend by linearity and density. Note that repeating (* * *) twice shows i?' is indeed a bounded linear 
map and 



\R — Pk.n+\Tl. n Pk,n+l 



As 



Ci, e A/ii ® M a ® • • • ® M r 



< 3e. 



Discussion 12.3.121 implies that there exists a i?o € 3(n) such that 



l-R — Pk,n+\RoPk,n+l llg(£ fc ■ 1 ) < e - 



Whence 



\\Pk,n+lRoPk,n+l ~ ^'fc.ri+lT'l.n-Pfc.n+l || < 4e. 

Since R Q S 3( n ) and Ti )W € 2li,( n ), 

IIQn+l-RoQn+l — Qn+lTl,nQn+l\\ = \\Pk,n+lRoPk,n+l — -Ffe,n+l7l,n-Pfe,n+l || < 4e. 

By combining all of our approximations 

\\Qn+\TQn+l — Qn+l(R + Ro)Qn+l\\ < 10e 

and, as i? + i?o G span (U m <n+i 3(m)) > the result follows. □ 

The above result shows we can approximate elements of £ (fcer(7r')) uniformly on Q„/C by elements of 
span (U m <n 3(m)) ■ The following result shows that this is enough to prove the assumptions of Lemma l2.3.8l 
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Lemma 2.3.14. Let T £ £(C*(2li © 2l 2 , S)) and let e > 0. There exists an n £ 2N such that 

\\Pj,mTPj t m — Pj, n TPj t n ® ICj, m - n \\b(£a m ) ^ 6 

/or all m > n and j £ {1, 2} (where Cj. m ~ £ 3 - n ® Cj^ m - n canonically as n is even). 

Proof. Fix e > 0. By Lemma [2.3.111 there exists an n £ 2N and a R £ span (U m <2 n (^i,{m) U 2l 2 ,( m ))) such 
that ||T — R\\ < e. Fix m > n. Then for all j £ {1, 2} i? acts on £j, m as Pj tn RPj j7l ® ir, m _„ and thus 

||Pj, m TP.,-, m - l', „h'r,.„ ® I £j , m _„ || B(£ . m) < ||T - P|| < e. 

However ||P,-, „TP,- „ - /',.„/,'/',.,. < ||T - < e for all j € {1, 2} so 

1 1 Pj^m^Pj^m Pj,nFPj^n ® -^Cj jm - n ■ J ^ 

as desired. □ 

Proof of TheoremWJM Recall £ ((3)c*(2lxea 2 ,S)) £ £(ker(n')) by Discussion [2X7l Let T G £(fcer(7r')) 
and let e > 0. By Lemma [2.3.141 there exists an n £ 2N so that 

1 1 Pj,m'FPj^rn Pj^riFPj.n ® ^Cj,m— n ■ ) *^ ^ 

for all to > n and j £ {1, 2}. By Lemma [2.3.131 there exists an R £ span (U ro < n 3(m)J so that 

\\Q n (T - R)Q n \\ <e. 

As T,R£ £(C*(2li ©2t 2 ,5)) 

||T - P|| = sup max || P i)fn (T - P)P,-, m || 

m>lJ'e{l,2} 

by Lemma 12.3.41 and the above inequality implies 

WP^miT - R)P j , m \\ c . m < e 

for all m < n and j £ {1,2}. Thus \\Pj tn TPj <n — Pj in RPj t7l \\ < e for all j £ {1,2}. However, since 
R £ span (U m<fl 3(m))i Pj, m RPj,m = Pj, n PPj,n <8> ICj, m -n for all m > n and j £ {1,2} (as n is even) and 
thus 

\\Pj, m TP jim - Pj >m RP jtm \\ < e + \\Pj, n TP jt „ <8 Ic i<m _ n ~ Pj,nRPj,n <8> m < 2e 

for all m > n and j e {1,2}. Whence \\T - R\\ < 2e. As R £ £ ((3)c*(2iiea 2 ,s)) £ (3)c*(ai©a 2 ,s): w e 
obtain that T G (a) c *(a 1 ©a 2 ,s) and thus T € £ ((3) c .(g l9) a 2 ,s)). Hence £(fcer(7r')) = £ «3)c*(2liffia 2 ,S))- 
Therefore fcer(7r') = (3)c*(ai©2i 2 ,S) by Lemma [2.3.81 as desired. □ 



2.4 Proof of Theorem 12.1.31 

In this section we will complete the proof of Theorem 12.1.31 By Theorem 12.3.21 we know certain short 
sequences of C*-algebras are exact and we will use the proof of Theorem 4.8.2 in |BO] to construct a 
commutative diagram of short sequences. The proof of Theorem 4.8.2 in [BO] is concrete and allows us to 
demonstrate that the compression of (-3)c*(a!©a 2 ,s) corresponds with the description of (5)ai*a 2 given in 
Section 2.2. The remainder of the proof is then trivial. We start the proof by re-describing the context. 

Discussion 2.4.1. Let 2li and 2l 2 be unital C*-algebras, let 2 be an ideal of 2li, let 7Ti j0 : 2li/3 — > B(Hifl), 
: 21 i — > and 7r 2 : 2l 2 — > S("H 2 ) be unital representations such that 7Ti,o and 7r 2 are faithful and, 

if Hi := Hi t o © "Hi,i and q : 2ti —> 2li/J is the canonical quotient map, tti := (7r 10 ° g) © ir 1A : 21 1 — > B(Hi) 
is faithful, and let ^ e %i,o and £ 2 £ "H 2 be unit vectors. For notational purposes let o : — ^2 and let 
tt 2 ,o := tt 2 : 2t 2 ->• B(H 2 ,o)- 
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2. 4 Proof of Theorem ETOl 



2 SHORT SEQUENCES OF REDUCED FREE PRODUCTS 



Using the notation of Discussion 12.3.11 the sequence 

o -> (3) c* s) -+ c*(ai © a 2 , 5) ^ c*((ai/o) © 2i 2 , s ) ->■ o 

is exact by Theorem 12.3.21 In order to show that the sequence 

-+ (a) ai *a 2 A (Sli.Tri^i) * (2l 2 ,7r 2 ,6) A , 7TX,0)^l) * (2l2,7I"2,^2) — > 

as described in Construction [2~TT2l is exact, we desire to embed the later sequence into the first. 
Notation 2.4.2. Let 2tx,o = 2ti/3 an d let ^2.0 = 2I2- Using the notation of Discussion 1 2 . 3 . 1( let 

P = I- S 2 (S*) 2 G C*(2li©2t 2 ,S*) 

and let 

C/ = F(S + S*)Pe C**(2li©a 2 ,5). 
Define the unital, completely positive maps ^ : 21$ — » PC* (2ti © 2l 2 , <S)P by 

^i(A) = PAP + [/A[/ 

for all A G 21,. Similarly let 

P = / - So (So) 2 e C*(2l 1)0 © 2t 2 , , S Q ) 

and let 

[7 = P (S + S* *)P G C*(»i l0 © 82,0, So). 
Define the unital, completely positive maps -0i,o : 2ti,o — >• PoC*(2li j o © 2l 2i o, So)Po by 

Tp it o(A) = P AP + U AU 

for all ^4 G 2t 4 , - 

For all i G {1,2} let 

21? := {A G 21, I = 0} and let 2l? := {A G 21^ I = 0}- 

Thus 21, = C/ a , + 21? and 2l j; . = CZ» 4i0 + 21? for all i G {1, 2}. 
Lemma 2.4.3. There exists a unital, completely positive map 

^ ■ (2li , 7ri , £1 ) * (2l 2 , 7r 2 , £ 2 ) — > PC* (2li © 2l 2 , S)P 

such that 

y(A 1 ---A n )=ip il (A 1 )---ip in (A n ) 

whenever A^ G 21? , C {1,2}, and ^ ifc+i /or aZ/ fc G {l,...,n— 1}. Moreover there exists a 

* -homomorphism 

a : C*(tf((2li,7ri,£i) * (2l2,7r 2 ,6))) -> (2li,7n,£i) * (2t 2 ,7r 2 ,6) 

smc/j i/iai cro$ = 7^(2ii,7ri,5i)*(a 2 ,7r2.?2) • In fact a is the compression map of B(JC) to £?(/Ci,i) where K\,i C /C 
is a Hilbert space isomorphic to * (% 2 ,£ 2 ). 

Similarly there exists a unital, completely positive map 

*o : (2ti,o, ttx.o, 6) * (82,0, 7r 2 ,o, 6) -> Po<?* (2li, © 2t 2 ,o, S Q )P 

such that 

^ (A 1 ■••A n ) = ^!,o(^i) ' ' ' i>i n ,o( A n) 
whenever Ak € 2l° fc , {ik}k=i 5= {1; 2}, and i^ 7^ /or all k G {1, . . . , n — 1}. 
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Proof. The proof of the above result is contained in Theorem 4.8.2 of T30 . Note that the proof in |BOj is 
done under the assumptions that 7Ti, 7T2, and 7Ti,o are the faithful representations corresponding to a GNS 
construction. However these assumptions are not used in the proof. 

For later purposes we remark that the Hilbert subspace K.\i of K, is the subspace 



Hi © Hi O (H% ® Ul)® n ®H° 2 ®Hi 



. n>0 



and is isomorphic to (Hi, £i)*(H 2 , £2) via the standard identifications C£,i(S>H 2 — H 2 and H^C^i ~ H 2 - □ 
Lemma 2.4.4. Wii/i \& and "Jo as Lemma [2.4-3[ the diagram 



(2l l!7 ri,a)*(2l2,7r 2 ,6) 
I* 

C*(2li©2l 2 ,S) 



(2li/3,7r 1)0! a)*(2l2,7r 2) 6) 

G»((ai/3)ea 2 ,5o) 



commutes. 



Proof. Recall that the span of -f(2ti,7ri,Ci)*(a 2 ,7r2,fo) an d 

{AxA 2 • • • A n I A k e 21? , { ifc }£ =1 C {1, 2}, ^ fc ^ ^ fc+1 for all fc e {1, 



1}} (*) 



is dense in (2li,7Ti,£i) * (2l 2 , 7r 2 , £2)- Therefore, to prove the diagram commutes, it suffices by linearity and 
density to verify that * (tt (-f(ai,^i,ii)*(sCa,7r 2 ,£ i ,))) = ^ (* (^(ai,7ri,£0*(a2,7r 2 ,6))) and *o(tt(7 1 )) = ^(^(T)) 
for all T in the set given in (*). However * (tt (l^^Xi)*^,^,^))) = n ' (* (J(8ti,7ri,£i).(a 3 ,7r,,£2))) is 
trivial as t 1 ", and 7r' are unital. If Afe € 21° for fee {1, . . . , n}, C {1, 2}, and ifc 7^ i^+i for all 

fc e {1, . . . , n — 1} then 

^o(tt(A 1 A 2 • • • A n )) = ^ q (tt(A 1 )tt(A 2 ) ■ ■ ■ Tr(A n )) = ^i 1 ,o(7r(i4i))^ ia ,o(7r(>42)) • ■ ■ ip in , (Tr(A n )) 

since tt is a *-homomorphism, 7r(Afc) is an element of 2l° fc for all k 6 {1, . . . , n}, and by the properties of 
"to from Lemma T2.4. 31 and 

Ti^iMa • ■ ■ A„)) = ^(^(AOV^CAa) ■ • • V,„(A„)) = ^(^(Ai))^^^)) • • ■ tt'(^„(A„)) 



by the properties of $ from Lemma 12.4.31 and since n' is a *-homomorphism. However, for all i € {1, 2} and 
21,, 

^,o(7r(A)) = P 7t(A)P q + U 7t(A)U q = it' (PAP + UAU) = tt'(^(A)). 

Hence f o 7r = 7r' o f on a set with dense span in (2li, 7Ti, £1) * (2l 2 ,7r2,£ 2 ) and thus the result follows by 
linearity and density. □ 

The final technical challenge of the proof of Theorem 12. 1.31 is the following. 



Lemma 2.4.5. Let a : B(JC) — > B((Hi,£i) * (H 2 ,£, 2 )) be the compression map from Lemma \2.4-S\ If 
T e (3)c*(ai©a 2 ,s) then a(T) G (3)ai*a 2 - 



Proof. By Discussion 12.3.91 and the notation in 12.4.2 



(AiS)(BiS) ■ ■ ■ (A n S)(B n S)J(S*B' m )(S*A' m ) 
(B.SKAzS) ■ ■ ■ (A n S)(B n S)J(S*B' m )(S*A' m ) 
(AiS)(BiS) ■ ■ ■ (A n S)(B n S)J(S*B'J(S*A' m ) 
(BiS)(A 2 S) ■ ■ ■ (A n S)(B n S)J(S*B' m )(S*A' m ) 



it is easy to see that the span of 



(S*B[)(S*A' 1 ) 
(S*B[)(S*A[) 
(S*A' 2 )(S*B[) 
(S*A 2 )(S*B[) 



n, m > 0, J € 3, 

Ai,^ e2l?u{/ ai }, 
Bi.Bj e2l 2 , U{I» 2 } 



(*) 



is dense in (3)c*(ai©a 2 ,s)- Recall that cr was the compression of K, onto 



/Ci,i = Hi © «i ® (W§ ® Hi)®"" ®Hl®Hi \ C AC 



, n>0 
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and/Ci,! is isomorphic to (Hi, £i)*(%> £2) via the standard identifications Ctii^H® — H° and"H°®C£i — "H°. 
Therefore it suffices to show that the compression of each element in (*) to K, corresponds to an element in 
(3)»i*2i 2 as described in Section 2.2. 

Notice B{JCi^i) — {0} for all B G 2l2- Therefore it suffices to consider only the set 



{AiS){BiS) ■ ■ ■ (A n S)(B n S)J(S*B' m )(S*A' rn ) ■ ■ ■ (S* B[)(S* A',) 
(Bi5)(A 2 5) • • • (A n S)(B n S)J(S*B' m )(S* AJ ■ ■ ■ (S* B[)(S* A[) 



n, m > 0, J G 3, 

AitA'j e2l?U{7 a J, }> (**). 



Fix n > 0, to > 1, J G J, {A}JLi, {^}"=i C 21? U {/«,}, and 1 C 2t§ U {IgJ and let 

T = ■ • • (A n S)(B n S)J(S*B , rn )(S*A m ) ■ ■ ■ (S* B[)(S* A[). 



If 

then 



771 ® Ci ® ■ • • ® ??m ® Cm ® »? € "Hi ® ("H° ® "H?)® m_1 <Z)H2®H 1 
(A'tfu&nMiS^BxS) ■ ■ ■ (A n S)(B n S)J(S*B' m )(S*A m ) ■ ■ ■ (S*B' 1 )(( 1 ® • • • <g> r/ m ® Cm ® ??) 



= (jl^^i^j ^1 (^4i»S')(i3i5) • • • (A n S)(B n S)Jr) 

/ in \ / rn \ 

= II (Vk, (A' k r^) ni ( li<Cfc, (^)*6>« a (AiSXBiS) ■ • • (A.S)(s n 6 ® Jt?) 



\fe=l / \fc=l / 

= (ftfe, (^fc)*fi)wij ( fi ttfe, ( B 'k)*^)n?j (Aiti) ® ® • • • ® (4,6) ® (B„6) ® Jr?. 

It is easy to see that T is zero on Hi <E) {H\ ® H\)® k <E> "H\ ® 'Hi for all fc < m — 1 and if fc > to — 1 and 

771 <g> Cl ® • • • ® ?7m ® Cm ® ?7m+l ® Cm+1 ® ' ' ' ® %+2 G "Hi ® ® H%f k ®H\®Hl 

then 

^(r?! ® Cl ® ■ ■ ■ ® Vm ® Cm ® »7m+l ® Cm+1 ® ' ' ' ® ?7fc+2) = ® Cl ® ' ' ' ® »7m ® Cm ® *7m+l) ® Cm+1 ® " * " ® Tjk+2 ■ 

If i?j = 7a 2 for some j G {l,...,n} then -Bj£2 is orthogonal to H§ and thus the image of T\k, 1 x is 
orthogonal to /Ci,i so <r(T) = 0. Similarly if = I% 2 for some j G {1, . . . ,to} then (Q, {B'A*^)-n 2 = for 
all £j 6 H§ so T is zero on /C14 and thus a(T) = 0. Therefore we may assume that {Bi}™ =1 , {Bj}™L 1 C 21°. 

If = /2I1 for some j G {2,...,n} then AjCi is orthogonal to Hi and thus the image of T\k 1 x is 
orthogonal to tCi,i so er(T) = 0. Similarly if A'j — I% 1 for some j G {2, . . . , m} then (to, (-<4j-)*£i)hi = f° r 
all to G Hi so T is zero on /C14 and thus cr(T) = 0. Therefore we may assume that {Ai}™ =2 , {Aj}" % =2 C 21°. 

By examining Discussion 12.2.21 and Discussion 12.2.31 notice if Ai^A^ G 21" then <r(T) corresponds to the 
operator 

Ai£?i • • • A n B n JB' m A' m ■ ■ ■ B[A' 1 G (3)ai*» 2 - 
If Ai G 21° and A[ = 1^ then <r(T) corresponds to the operator 

• • • A n B n JB' m A' m ■ ■ ■ A 2 B[ G (3) 

If A'i G 21° and Ai = then cr(T) corresponds to the operator 

_BiA 2 • • ■ A n B n JB' m A' m ■ ■ ■ B[A' 1 G (3)ai*a 2 - 
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Finally if A\, A\ = igii then a(T) corresponds to the operator 

BiA 2 ■ ■ ■ A n B n JB' m A' m ■ ■ ■ A' 2 B[ £ (3)ai*a 2 - 

Hence cr(T) £ (3}ati*2l 2 f° r a ^ T 01 this form. The case where m = is identical (as J£i = for all J £ Z). 
Using similar arguments to those listed above, the image of ICia under 

(Si5)(A 2 5) • • • (A n S)(B n S) J{S*B' m ){S*A' m ) ■ ■ ■ (S*B[)(S*A' 1 ) 

is in the orthogonal complement of /Ci,i and thus these operators have zero compression for all n, m > 0, 
^3, {A^ =ll {A'^ =} ca»U {J a J, and {B,}f =1 , {B'^ =1 C 21° U 

As the span of (*) is dense in (-3)c*(»i©2i 2 ,S)i the result follows. □ 

Proof of Theorem\2JM Suppose T £ ((2li, tti, &) * (2l 2 , tt 2 , £ 2 )) H fcer(Tr). Therefore 

7r'(*(T)) = *o(7r(T)) = 

by Lemma |2~4~1 By Theorem 12X21 

^{T) £ (3)c*(»i©» 2 ,S)- 

Therefore 

(j(*(T)) G (5)(Sti,7r 1 ,4i)*(a 2 ,7ra,fo) 

by Lemma l2~4~5l However T = a{^(T)) by Lemma l2~4~3l so 

7 1 G (^(ai.Tri^i)*^,^,^) 

as desired. □ 



3 Limits of Free Products 



With the modification to the third equivalence of Theorem 11.11 complete . we turn our attention to developing 
the analog of the fifth equivalence of Theorem II .11 in the context of reduced free products. The following is 
the adaptation of the fifth equivalence of Theorem 1 1.1 1 to reduced free products and is a generalization of the 
appendix of |Maj due to Shlyakhtenko (where, if 2U are C*-algebras with states (pi that have faithful GNS 
representations, (2ti, (fx) * (2l 2 , V2) is the reduced free product, <pi*<f2 is the vector state on (2li, <£>i)*(2l 2 , ^2) 
corresponding to the distinguished vector, C(ti, . . . , t n ) denotes set of all complex polynomials in n non- 
commuting variables and their complex conjugates, and a pair (21, r) is said to be a non-commutative 
probability space if 21 is a unital C*-algebra and r is a state on 21 with a faithful GNS representation): 



Theorem 3.1. For each fc G N letiX. 



be generators for a non- commutative probability space (21&, t&). 



Let {Xi}f =1 be generators for a non-commutative probability space (21, r) and let {Yi}™ =1 be generators for 
a non-commutative probability space (93, y). Suppose that 



1. limsup fe ^ c 

2. limfc^ooTfc 
Then 



q (X[ k \ . . .,xL k) ) = \\q(X u . . .,X n )\\ m for all q £ C(t u .. .,<„), and 



, . . . , A„ 



r(q(Xi, . . .,X n )) for all q £ C(h, ...,t n ). 



lim 



(a J fe,T Jfe )*(as, ¥ >) 



I \p(Xi , ■ • ■ , X n , Y\ , . . . , Y„ 



\(<&,T)*(<B,<p) 



for all p £ C(ti, . . .,t n+m ). 



By examining the fifth equivalence of Theorem 11.11 it can easily be seen that the above question is 
connected with the notion of an exact C*-algebra by replacing tensor products with reduced free products. 
To begin the proof of Theorem 13.11 we note one inequality is trivially implied. 
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Lemma 3.2. With the assumptions and notation of Theorem \3.1[ 



lim inf 

k— } oo 



(x[ k \...,X^,Yi,...,Y m j > \\p(Xl, . . . ,X n , Yi, . . . ,y m )||(2t , T )*(33 ,<p) 



/or a?/ p G C(ti, . . . ,t n+m ). 

Proof. First we claim if p G C(ti, . . . , t n + m ) is arbitrary then 

(r * p)(p(Xi, . . . , X„, y, . . . , Y m )) = Urn (r k * <p) (p (x[ k \ . . . , X%\ Y u . . . , Y m )) 
To see this, notice p(ii, . . . , t n+m ) can be written as 



iV Z£ 



Pifl i • • • i tn+rn 

) = X/ II PA«>(*l! • ■ • >*n)&,u>(* n+1 ? * • • ? ^n+m) 
£=1 «;=1 

where r(|>^ )TO (Xi, . . . , X„)) = and (Fi, ■ ■ ■ , i^)) = for all £ G {1, . . . , iV} and to € {1, . . . , ze} except 

possible for possible pi t \ and qt,z t which can be constant functions. Thus 

N zt 

(t * i p)(p(X 1 , ...,X n ,Y u ..., Y m )) = J2 II T (PeA x u • • • , *»)M«,™(*i, • • • ,Y m )) 

t=\ w—i 

by freeness. Moreover 

JV 



(r k * <p) (p (x[ k \ . . . , If, Y x , . . . , Y m )) = ]T(r fc * <p) J] . . . , X«) ^(F, . . . , F TO ) 

by linearity. Thus it suffices to show 

Zl ( Zl / \ N 

J] T(pt,w(X!, . . .,X n )Mqe, w (Yi, • • .,Y m )) = (7* * <p) I JJ (^ fc) , . . . .X^j . . . ,y m ) 



W — 1 \UJ — 1 



for all ^ € {1, . . . , iV}. However, in the case that r(pi tW (Xi, . . . , X n )) — and (p(qe, w (Yi, ■ . . , F m )) = for 
all w G {1, . . . , 2^}, notice 

II (p^ (^i fe) ' • ■ • . x n ] ) - T k (pi, w (x[ k \. . . , %*) g^O^i, • • • ,Y m ) 

w—1 

where T^ is the sum of products of terms in 

[p ttW (x[ k \. . ,r fc (p^ (x[ k \ . . .,!«)) .^(F, . . .,Y m ) | «> G {1, . . . ,z e }} (*) 

where each product contains at least one r k (pt, w (x[ k \ . . . ,X^^ and Ty can be obtained from T k by 
exchanging the index k with k' . Hence 



(r k PL W [X (k) , . . . , X«) qe, w (Yi, . . . , F ro )J + (n * ^)(T fe ) 

(t* * V>) ( ft (w- ■ • • >^ fe) ) - (pi,« (^ fe) > • • • ,^ fc) )) • ■ ,F„) 



\W — 1 



J] (p<,« (^i fe) , • ■ • , X (k) ) - r k [Pi, w (x[ k) , . . . , I«) ) 7 afc ) ^(^(Fi , . . . , F m )) 



KJ — 1 
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by freeness. Since T{pi tW {X\, . . . , X n )) — and (p(qe,w(Yi, ■ ■ ■ > ^m)) = for all w G {1, . . . , z#}, the assump- 
tions of the lemma imply 

lim (r k *<p)(T k ) =0 

k— >oo 

as every term in (*) is bounded by the first assumption of the lemma and 

hrn r fe (p £ , w (x[ k \. . . , if)) = r(p <lW (JCi, . . . ,X n )) = 
for all u? G {1, . . . , Zi\ by the second assumption of the lemma. Hence 



I t \ \ 

Urn (r k *ip) Yl p i}W (x[ k \. . . , XM) q t , w (Yu ■ ■ ■ ,Y m ) = = J] t(p^(X 15 . . . , X^^g^y, . . . , 



w— 1 



As similar computations hold when p^i and/or are constants, the claim has been proven. 



For each k £ N let ||T| 



(W){T*T)2 for all Te r fc )*(Q3, ^) and let ||T|| 2 = (r*^)(T*T)? 



for all T G (21, r) * (53, . Notice the above implies that 



lim 

k— > oo 



p (xf \ . . . , x^\y u . . . , yJ = b(x 1; . . . , x„, y , . . . , r m )|| a „ 



for all polynomials p € C(ti, . . . , t n+m ). However, by considering the construction of the reduced free 
product, for a fixed polynomial p € C(ti, . . . , tn+ m ) 



||p(Xi,... J A n> Yi,... ) y m )|| 

sup<^ \(t * (p)((p ■ pt ■p 2 ){X 1 ,...,X n ,Y 1 ,...,Y m ))\ 



Pi G C(ti, . . . , t n+m ), 
\\p i {X 1 ,...,X n ,Y 1 ,...,Y m )\\ 2 ^ v < 1 



However, for all p,Pi,p 2 € C(t Xj . . .,t n+m ), 

|(r*<p)((p-p 1 -p 2 )(x l! ...,x„,y 1 ,...,y m ))| 

|(r fe * v ) ((p-pi -p 2 ) (xf\ . . . ,x( fe \y, . . . ,y m )) 



lim 

k—too I 



<iiminf [ rj ||p i (xl fe) ,... ) xw,y l! ... ) y ro )| 2 ^ j || p (x 1 (fe) ,...,xw,y 1 ,...,y m ) 



(a,r fc )*(<s, v ) 



= ^ II IIp,(Xi, . . . , x„, y, . . . , y m )|| 2)T ^ hminf ||p (xf \ . . . , x y, . . . , y m ) 

Hence, as the above holds for all pi,p 2 S C(ti, . . . , t n + m ), the result follows. 
Remarks 3.3. Using the notation in Theorem 13. 1[ consider the C*-subalgebra £ of 

n fc >i((a*,7*)*(®.v)) 



(St,r h )*(!S,vs) 



□ 



e fc>1 ((2t fc ,r fc )*(53,^)) 



generated by 



and 



*f )+©((«*> **)*(®^)) I j€{l,...,n}| 
fe>i J 



(^) fc >i + 0((2lfe^)*(®^)) h'e{l m} 



fe>i 
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Lemma 13.21 tells us that there exists a map 



* : £-> (21, t) * (58, <p) 



defined by 



for all j E {1, 



for all j e {1, 



lim sup 



(k) 



fe>l 



■0((a fc , 7*) *(»,¥>)) 



fc>i 



i} and 



* (^■) fe > 1 +0((2t fc ,r fc )*(®,^)) 



fc>i 



i}. Moreover ^ is an isomorphism if and only if 



(^x[ k ^ , . . . , , Y\ , . . . , 



< \\p(X 1 ,...,X n ,Y 1 ,...,Y rr , 



i(a,T)*(os,y) 



for all polynomials p £ C(ti, ... ,t n+m ). Thus Theorem 13.11 is true if and only if ^ is an isomorphism. The 
question of whether <J/ is an isomorphism can be considered as a modification of the fourth equivalence of 
Theorem O 

Our next goal is to prove Theorem 13.11 provided that 03 is an exact C*-algebra. To do this we reprove 
the following known results from the appendix of Ma that prove Theorem 13 . 1 1 when the Yj are free creation 
operators on a Fock space. 

Lemma 3.4. Let 21 be a unital C* -algebra with a state r with a faithful GNS representation and let 03 be 
the universal C* -algebra generated by 21 and elements Li, . . . ,L n satisfying L*ALj — 5ijr(A) for all A £ 21 
(where 8ij is the Kronecker delta function). Let ip be the linear functional on *-Alg(Ql, {Lj}J =x ) defined by 
■0|sa = t and 

^(AqL^Ax ■ ■ ■ A k -iL ik A k A' L* i A' 1 ■ ■ ■ A\_ x L* t A\) = 

whenever A%, . . . , A k , A[, . . . , A' t £ 21 and at least one of k and £ is non-zero. Then tp extends to a state on 
03 having a faithful GNS representation. Moreover, if (21, r) * [£ , 4>) where (£,4>) is the C* -algebra generated 
by n free creation operators £i, . . . ,£ n on the full Fock space J r (C n ) and <j> is the vacuum expectation, there 
exists an isomorphism $ : (03, tp) — > (21, r) * {£ , (f>) such that <&(A) = A for all A € 21 and $>(Lj) = £j for all 
j E {1, . . . ,m}. 

Proof. Let (o3,^) be the reduced free product (21, r) * (£,0). By Corollary 2.5 of [Sh] £,A£* = S hj T(A) for 
all A £ 2i and 

^{Ao^Ax ■ ■ ■ A k ^A k A' n t n A\ ■ ■ ■ A\_ x t h A\) = 

whenever A\, . . . , A k , A' x , . . . , A'g G 21 and at least one of k and £ is non-zero. Hence, by the universal property 
of 03, there exists a *-homomorphism $ : 03 — ?► 03 such that tp = if) o $. 

To complete the lemma it suffices to prove $ is injective. However, by (Pi] (and by applying the same 
'Fourier series'-like argument as in Section 2.3), it suffices to check that the linear span of {AL*BLjC \ 
i,j G {1, . . . , n}, A, B, C € 21} is dense in 21 and that there exists a homomorphism a : {z £ C \ \z\ = 1} — > 
_ffom(03) such that a z (A) — A for all A G 21 and ot z {£j) = z£j for all j £ {1, ...,n}. However the first 
claim is trivial by taking i = j, B = 1% = C. Since it is trivial to verify that there exists a homomorphism 
a : {z £ C | \z\ = 1} — > iJom(03) such that a z (£j) = z£j for all j £ {1, . . . , n}, taking the free product with 
the identity map on 21 will complete the lemma. □ 

Lemma 3.5. Theorem \S.l\ is true with the additional assumptions that 03 is the C* -algebra generated by m 
creation operators £\ , . . . , £ m on a Fock space and if is the vector state of the vacuum vector. 



28 



3 LIMITS OF FREE PRODUCTS 



Proof. Consider the C*-algebra 

n fe >i((a fe ,r fc )*(C*(^,...,£ m )^)) 



2) := 



Let 



for j G {!,..., n} and 



©*>i ((a*,**) *(c*(*i,..., *,.),¥>)) 
a- : = (x[ fc) ) +0((sa fc ,7*)*(c*(^,...,4),p)) 



fe>i 



^ == {*j) k >i + ((a*, r fe ) * (C*(£ 1; . • . , £„), ¥>)) 



fe>i 



for j € {1, . . . , to}. Notice, by the first assumption of the theorem, 21 is isomorphic to the C*-subalgebra of T) 
generated by {Xj}™ =1 . Let £ be the C*-subalgebra of D generated by 21 and {Lj}JL 1 . By Remarks 13 .31 there 
exists a *-homomorphism * : £ ->• (2t, r) * (C* (A, • • • , ^m), <£>) such that = X,- for all j e {1, . . . , n} 

and ^(Lj) = £ 3 for all j G {1, . . . , to}. 

We claim that VP is an isomorphism. To see this, notice for all polynomials p G C(ti, . . . , t n ) that 



L*p(X(, . . . , X' n )Lj = (t lP (x[ k) ,...,*<*>) tj) + ((«*, n) * (C*(4, ■ • • , *»), ¥>)) 

fe>i 

= <^ (** (p ( x i k) > ■ ■ ■ > x n ] ) ) ) + ((**, n) * (C* (4, • ■ • , 4), *>)) 

- 1 fe>i 

= ^ j -t(p(X 1 , . . . ,X' n )) (l(<n k! T k )*(c»(e u -M,v) 



fe>i 



*i,jT(p(^, . . . ,X)) 7 3 



by the second assumption of the theorem. Hence, by Lemma 13.41 and by universality, there exists a *- 
homomorphism $ : (21, r) * (C*(£ 1 , . . . ,£ m ),ip) -t £ such that &(Xj) = X'- for all j e {1, ...,n} and 
&(£j) = Lj for all j G {l,...,m}. Hence is invertible with inverse Thus the result follows from 
Remarks 13.31 □ 



Our next goal is to prove Theorem 13.11 provided C* (Y\, . . . ,Y m ) is exact. To do this we desire an 
embedding of the reduced free product of two C*-algebras 21 and 25 into a reduced free product involving 
2l® min Q3. 

Lemma 3.6. Let 21 and 25 be unital C* -algebras, let ip and ip be states on 21 and 25 respectively with faithful 
GNS representations. Let l\ be the unilateral forward shift on ^(N), let {e n }„>i be the standard orthonormal 
basis for ^(N), and let tf> : C*(£±) — > C be defined by <f>(T) — {Te\, e\) for all T G C*{£\). Then there exists 
a unitary U G C* {£\) (independent of % and 25 ) and an injective * -homomorphism 

* : (21, if) * (25, V) -► (21 <g> min 25, p ® * (C*(4), <j>) 

such that *(A) = A ® and = [/*(J a ® /or a/Z A G 21 and B G 25. 

Proof. See Proposition 4.2 of [DS . Alternatively a (not necessarily injective) * -homomorphism can be 
constructed by Theorem 4.7.2 of |BO) and by showing that 21 ® iig and U*(I<& ® £?)Z7 are free with respect 
to any self-adjoint unitary f such that L/ei = e2 and J7e2 = ei. The proof that is then injective can be 
done by constructing a compression map from the Hilbert space that (21 <8>mj n 25, <p ® * (C* (A), 0) ac ts on 
to an isomorphic copy of the Hilbert space (21, cp) * (25, ip) acts on. □ 



Lemma 3.7. Theorem \3.1\ is true under the additional assumption that 25 is an exact C* -algebra. 

Proof. Since 25 is exact, by the fifth equivalence of Theorem 11.11 and by the first assumption of the lemma, 
we obtain that 



p (x[ k) ® ®I,I®Y 1 ,...,I®Y„ 
\\p(Xi ®I,...,X n ®I,I®Yi,...,I® Y m )\\ m<8 



lim 

k— >oo 
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for all p € C(ti, . . . ,t n + m ). By the structure of the states on the tensor products and by the second 
assumption of the lemma, 



lim (TfcOy?) (p (if © I,..., if ® 7,7 ® Fx , 

fc— fOO \ \ 



,7 ® y 



,,)) = (T®^)(p(i 1 ®7,...,i n ®7,7®y,...,7®y n )) 



for all p S C(ti, . 



lim 



, tn+rn) ■ Therefore Lemma 13.51 implies 

p(lf ® If® 7,7® Y u ...,I®Y m ,T 



(a fc «i m i n B,r fc (g> v )*(C*(^i),ei) 



= IM*! ® 7, . . . , X n ® 7, 7 ® y, . . . , 7 ® Y m , T)|| (a8mta!8 , Tg)v ,).(o*(/ 1 ),e 1 ) 

for all p € C(ti, . . . , in+m+i) and for all T G C* (£i). By using T = U where [/ is a unitary as in Lemma 
and by viewing (2t fe , r fe ) * (05, ip) and (21, r) * (05, 99) in (2l fe ® min 03, r fe ® y>) * (C* (£1), ei) and (2l® min 05,T® 
ip) * (C*(£i), ei) respectively, the result follows. □ 

Just as Lemma 13.71 upgraded Lemma 13.51 to exact C*-algebras by use of Lemma 13.61 and tensor products, 
we will use Lemma 13.71 along with the following lemma involving direct sums to prove Theorem 13.11 

Lemma 3.8. For i G {1,2} let (2L,Ti) be non- commutative probability space. Let r : 2ti © 2I2 —¥ C be the 
state given by 

t{A x 8 A 2 ) = ~(n(Ai) + t 2 (A 2 )) 

for all Ai e 2li and A 2 € 2l 2 . 

Let 2 be the Cuntz algebra, let T 2 be the canonical CAR C* -subalgebra of 2 , let t' : T<x — > C be the 
unique normalized trace on T 2 , let £ : 2 — > T 2 be the canonical conditional expectation of 2 onto T 2 , and 
let a := r' o £ : 2 — > C. Note a is a faithful state. 

Let £ be any C* -algebra with a state p such that there exists a unitary U £ £ such that p\c*(u) * s faithful, 
p(U) = 0, and the GNS representation of £ with respect to p is faithful. 

Then there exists an injective * -homomorphism ir : (21i,ti) * (212,12) — > ((2li © 2l 2 ) ® 2 ,r® a) * (£, p) 
such that there exists elements I, Y,Z,W<E C* (I ® 2 , £) C ((2li © 2l 2 ) ® C 2 , r ® a) * (£, p) independent of 
the choice of 2ti and 2t 2 such that tt(Ai) = X{A\ © 0)Y for all A x € 2ti and 7r(A 2 ) = Z(0 © ^2)^ /or all 
A 2 e hi- 



proof. See Lemma 5.6 of [BDSJ. 



□ 



Proof of Theorem\3Jl For each k e N define the state Vfc : 2tfe © 05 ->• C by © B) = 5^ (A) + (p{B)) 

for all A e 2l fe and B e 05 and define the state ip : 21 © 05 C by ?/>(A © 5) = | (r(A) + <£(£)) for all A e 21 
and 7> € 05. By the first assumption of the theorem, it is clear that 



lim sup 

k— f 00 



■ (if © 0, . . . , if © 0, © y, . . . , © y m ) 



ate® 



||p(iiffiO,...,i„ffiO,Offiyi,...,o©y m )|| 



for all p e C(*i, . . .,t n+m ). 

Let l\ and ^2 be two isometries that generated the Cuntz algebra. Since 2 is exact, the fifth equivalence 
of Theorem 11.11 implies that 



p ((if © 0) © 7, ... , (if © 0) © 7, (0 © y) © 7, . . . , (0 © y m ) ® 7, (7 © 7) ® h, (7© 7) ® £ 2 ) 

converges to 

\\p ((Ii © 0) © 7, ... , (I„ © 0) © 7, (0 © y) © 7 
as A; — > 00 for all p G C(*i, . . . , t n+m+2 ). 



(a fc 058)(gi m i n O2 



. , (0 © Y m ) © 7, (7 © 7) ® h, (7 © 7) ® 4)|| (!affi! s )0min o 2 
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Let a be the faithful state from Lemma Therefore 
{ipk®<r) (p ((x[ k) 6 0) © 7, . . . , (xW © o) © I, (0 © Yi) © I,..., (0 © F m ) © 7, (7© 7) © 4, (7 © 7) © &)) 
converges to 

® cr) (p ((Xx © 0) © 7, . . . , (X„ © 0) © 7, (0 © Yi) © 7, . . . , (0 © Y m ) © 7, (7 © 7) © 4, (7 © 7) © £ 2 )) 

as fc — > oo for all p € C(ti, . . . , tn+m+2) by the second assumption of the theorem, the structure of the f/ , fe' s i 
and the structure of the tensor products of states. 

Let €. — .M 2 (C), let p be the faithful normalized trace on £, and let 



U 



1 

1 



Since £ can be generated by a single operator free from p, Lemma 13.71 implies if p G C(ii, . . . , i n +m+3), 
TeX 2 (C), 

g p := p ((Jd © 0) © 7, . . . , (X n © 0) © 7, (0 © Yi) © 7, . . . , (0 © Y m ) © 7, (7 © 7) © 4, (7 © 7) © t 2 ,T) 
G ((2lffi ( B)© min 02 ! ^©fT)*(X 2 (C),p), 

and 

g P ,fc := p ((^j fe) © 0) © 7, ... , (l« © o) © 7, (0 © Yi) © 7, ... , (0 © Y m ) © 7, (7 © 7) © £ u (7 © 7) © h,T) 
G ((2t fc ffi s B)© min 2 ,7/; fe ©a)*(X 2 (C), / 9) 

for all fe G N then 

lhrj^ lkp,fc||((si M egs)!gi miJ1 e'2,-0*®o-)*(A<2(c), / 9) = ll g pll((»e®)®mi„02,v<<»cr)*(Ai2(c),p) • 
Therefore the result clearly follows by the embedding properties given by Lemma 13.81 □ 



Combining Theorem 12.1.31 Theorem 13.11 and Remarks 13.31 we have the following analog of Lemma 11.21 
for reduced free products. 

f (k) 1 " 

Corollary 3.9. For each k £ N let j be generators for a non-commutative probability space (21&, r^) . 

Let {Xi}™ =1 be generators for a non-commutative probability space (21, r) and let {Yi}£Li be generators for 
a non-commutative probability space (03, (p). Suppose that 

1. limsup^^ q [X[ k \ . . . ,xi k A = \\q(X 1 , . . . , X n )\\ % for all q G C(*i, . . . ,t n ) , and 

V / Sit 



2. linu 



(«((*X W , 



(fc) 



r(g(Xi, . . .,X n )) for all q G 



^1 ) • ■ - : ^nj 



Let 25 be the unital C* -subalgebra of Hfe>i ^fc generated by ^ (^X^^j ^ and Zet J := 25 fl ^© fe>1 21; 

T/ien 3 is arc ideal of T) such that 25/3 — 21. 

Let a : 03 — > B(K.) be the GNS representation of (p with unit cyclic vector n, let n : 21 — > B(Hq) be the 
GNS representation of r with unit cyclic vector £, let n\ : 25 — > S('Hi) be a faithful, unital representation, let 
q : 25 — > 21 be the canonical quotient map, and let tt := (7r o q) © m : 25 — > £>("Ho © "Hi) which is a faithful, 
unital representation. Then there exists an injective * -homomorphism 



$ : 



(25, tt, £) * (03, a, r,) rU>i((*k. ^) * (®, 



(3> S *s e fc >i((a fc ,T fe )*(03,^)) 



fc>l 
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for all i G {1, . . . , n} and 



HB + (3}s>*«) = (B) k >i + 0((2l fe , r fe ) * (03, tp)) 



k>i 



for all B G 03. 

Recently in |Pi2) , Pisier has developed a direct proof of Theorem 13.11 using the non-commutative Khint- 
chine inequalities developed in [RX . In fact, Pisier's result holds when the Y variables are allowed to vary 
(see below). We remark that the proof of Theorem 13.11 generalizes to this setting as well. 

Theorem 3.10 (Pisier). For each k G N let |x| fe ^| be generators for a non- commutative probabil- 

ity space (2t/.,Tfe) and let j be generators for a non-commutative probability space (9&k><Pk)- Let 

{Xi}™ =1 be generators for a non-commutative probability space (21, r) and let {Yi}™ =1 be generators for a 
non-commutative probability space (03, ip). Suppose that 



1. limsup fe _ 



1 [X{ 



(fe) 



■ , x n 



\\q(Xt,. ■ .,X n )\L for all q G C(*i, . . .,t„), 



2. limsup^ q(Y} k) ,...,Yl k) ) = ||g(H, ... ,Y m )\\x for all q G C(t u t m ), 

(q ( (x[ k) , . . . , X (k) } ) ) = r(g(X x , . . . ,X n )) for all q € C(*i, . . . ,t n ), and 



3. lim 



k—too 7~k 



I linifc^oo ip k {q ((yf, . . . , Yl fc) ))) = p(<j(Yi,. . . , Y m )) /or oH q € C<ti, . ..,t m ). 



Then 



lim 

k— >oo 



/ x (fc) ^(fc) y (fe) y (fc)\ 



(21 fc ,T fc )*(<8 fc , Vfc ) 



— Ib(^l) ■ • ■ iX n ,Yi, . . . )5m)||( S t,T)*(!8, ¥ >) 



/or a// p G C(ii, . . . ,t„+ m ). 



Proo/. For each k G N define the state ^fc : 2t fc © 0S fe -> C by ij; k (A ® B) = \(r k (A) + <p k {B)) for all A G 2l fe 
and B G 03 fe and define the state V : 21 © 23 -» C by ip(A © B) = \{t(A) + <p(B)) for all A G 21 and B G 03. 
By the first assumption of the theorem, it is clear that 



lim sup 

fe— >oo 



(xf ) © o, . . . , xw © o, o © Y} k) , . . . , o © r„w) 



sue®* 



||ppfi © 0, . . . , X n © 0, © Y lt . . . , © Y m )\\ ms3 
for all p G C(<i, . . . , t n+rn ). Since 



lim v>fc (p W fc) ©0,...,XW ©0,0© Y 1 (fe) ,...,o©r t i fc) 

k— voo V V 



^(p(JTi © o, . . . , x n © o, o © Yi, . . . , o © r m )) 

for all p G C(ti, . . . , t n+m ), the proof now follows the remainder of the proof of Theorem 13.1 
We note that Lemma 13.21 and Remarks 13.31 generalize trivially to the above setting. 



□ 
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4 Nuclearly Embeddings with States 

4.1 Extending Completely Positive Maps with States 

In this section we will develop the ability to extend unital, completely positive maps on C*-algebras in a 
state-preserving manner. This will enable us to extend the classical result that the free product of unital, 
completely positive maps can be taken when the GNS representations of the C*-algebras are faithful. This 
will allow us to show (2li, m, £i) * (SI2, ^2, £2) — (21 1 , n[ , £1 ) * (2I2, 7r 2 ,£ 2 ) provided that 7T; and 7r- are faithful, 
unital representations and the vector state defined by £j equals the vector state defined by £■ for all i G {1, 2}. 
The ability to extend unital, completely positive maps in a state-preserving manner will be of use in the 
next section where the modification of the second equivalence of Theorem 11.11 to reduced free products is 
obtained. 

First we state the commonly known result for unital, completely positive maps between the reduced free 
products of C*-algebra with faithful GNS representations (where the reduced free product of more than two 
C*-algebras can be taken recursively as the process is associative). 

Theorem 4.1.1 (Blanchard, Dykema). For i G {1, . . . ,n} let Hi and r H! i be Hilbert spaces and let £j G Hi 

and £■ G H' i be unit vectors. Suppose that there exists unital, completely positive ipi : B{'H' i ) — > B(Hi) such 
that 



whenever in > 1, Tj G 6(71^.), (Tj^.,^.)^ = for all j G {1, ...,m}, and ij ^ ij + i for all j G 
{1, . . . , m — 1}. We denote ^ by *2 =1 ipi. 



Next we endeavour to extend the above result to the reduced free products of C*-algebras where we do 
not require that the states have faithful GNS constructions. To do this, we will apply Theorem 14.1.31 to the 
above result. We begin the proof of Theorem 14. 1.31 in the case that ip is a *-homomorphism and then appeal 
to Stinespring's Theorem. 

Lemma 4.1.2. Let 21 C B(H) be a C -algebra, let K. be a Hilbert space, let £ G H and rj G K. be unit vectors, 
and let ir : 21 — > B(IC) be a * -homoraorphism. Suppose further that £ G 21% and (A£, £}<h = (^(A)i]> ffjK. for 
all A G 21. Then there exists a contractive, completely positive map if) : B(H) — > B(IC) that extends it such 



that ( T£,£) n = (i){T)r],n)ic for all T G B{H). More specifically : B{H) -> B{JC ) B(K$) C B{JC) where 



Proof. Let Ho := 2l£ and let fC := 7r(2l)ry. Define Vo : 2t£ -> JC by V (A£_) = ■k{A)i 1 for all A G 21. To see 
that Vo is well-defined, notice 



Hence Vq is well-defined and extends to a unitary map V : Ho — > ICo- 

We claim V£ = r\. To see this, recall if [E\)k is a C*-bounded approximate identity for 21 then E\£ 
converges to the projection of £ onto 2l£ and similarly ir(E\)rj converges to the projection of rj onto 7r(2t)7y. 
Since £ G 2l£, lirriA £\£ = £. Therefore VI; = limA V(E\£) = lirriA Tr(Ex)r). However, since V is isometric, £ 
and n are both unit vectors, and n(E\)rj converges to the projection of 77 onto 7r(2l)?7, 77 G 7r(2l)?? and V£ = n. 

Since ICq is a reducing subspace for 7r(2l), there exists *-homomorphisms 710:21—)- B(ICo) and ttq : 21 — > 
B(ICq) such that, with respect to the Hilbert space decomposition JC — ICq © ICq, 




Proof. See Theorem 2.2 of [BDJ. 



□ 



/Co = «•(»)»?. 



IK^H* = (tt(A*A)t], t])ic = <A*^,£)« = ||A£| 



tt(A) 



7T0(A) 
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for all A £ 21. 

Let P £ B(Ho,H) be the canonical inclusion. By Arveson's Extension Theorem (see Theorem 7.5 of 
|Paj ) ttq extends to a contractive, completely positive map ipQ : B(H) — > B{JCq). Define ip : B{H) —> B(JC) 
by 

- yp* TP y* o 

^(A) 



(with respect to the Hilbert space decomposition JC = JCq®K.^) for all T £ B(H). Clearly ip is a contractive, 
completely positive being the direct sum of contractive, completely positive maps. To see ip(A) = tt(A) for 
all A £ 21 notice ipQ (A) = ttq (A) for all A £ 2t by construction. Moreover 

V P* APV* (tt(Aq)t]) = VP*AP(A = VP*((AA a )£) = ir(AA )r) = 7r (A) (77(^0)77) 

for all A £ 21. Therefore, as 7r(2t)?7 is dense in JC , VP* APV* = n (A) for all A £ 21 so tp extends ir. 
Lastly 

(V(T)?7,r/}x: = (TP^*r?, P^ry)* = (TPS,P£) n = (T^) n 
for all T £ B{H) as desired. □ 

Theorem 4.1.3. Let 21 C B(H) be a unital C* -algebra (not necessarily with the same unit as B(H)), let 
JC be a Hilbert space, let £ € H and n £ JC be unit vectors, and let tp : 21 — » 0(/C) oe a unital, completely 
positive map. Suppose further that £ £ 21/H and = {p{A)rj,rj)K. for all A £ 21. XTien ttere exisis a 

unital, completely positive map ip : B(H) — > B{JC) that extends tp such that (T£,£)u = (tf)(T)r],r]}ic for all 
TeB(H). 

Proof. By Stinespring's Representation Theorem (see Theorem 4.1 of [Pa]) there exists a Hilbert space /C', 
a unital *-homomorphism n : 21 — > B(JC'), and an isometry V : K — > K! such that tp(A) = V*ir(A)V for all 
A £ 21. Let 77' = y?7 € /C'. Since V is an isometry 77' € /C' is a unit vector. Moreover for all A £ 21 

(*(A)rf,r/) K , = {V*^{A)Vn,i 1 ) K = (tp{A)r,,ri) K = (M,t)n. 

Therefore, by Lemma [4.1.21 there exists a contractive, completely positive map ip' : B(H) — > B(JC') extending 
7T such that {ip'(T)rf, rf) K , = (T£, £)« for all T £ B{U). 

Define ip : B{H) -> B(/C) by ip(T) = V*ip'(T)V for all T £ B{H). Clearly ip is a contractive, completely 
positive map being the composition of contractive, completely positive maps. Moreover 

jP(A) = V*ip'(A)V = V*tt{A)V = tp(A) 

for all A £ 21 so ip extends tp. Hence 

Ik = <p(I*) = i>(Isa) = Wn) < U\\ Ik < lie 

so ip(I- H ) = I K ,. Lastly 

(1>(T) V ,T)) K = (ip'(T)Vr], Vr))ic> = (ip'(T)n', n')ic> = (T{,t) n 

for all T £ B(H). □ 

By using Theorem 14. 1.31 we are able to extend Theorem 14. 1.11 

Theorem 4.1.4. For i £ {1, . . . , n} let%[ and 21* be unital C* -algebras, let 7r- : 21- — > B(H'^) and iii : 2lj -» 
B(Hi) be faithful, unital representations, and let £• € ?^ and £j £ Hi be unit vectors. Suppose that there 
exists unital, completely positive maps tpi : 21^ — > 2U such that 

(nMA))^,^ ni = {^(A)^,^ H , 

for all A £ 21^. Then there exists a unital, completely positive map 
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such that = ipiiA'i) for all A\ E 21- and 

^A[A' 2 ..-A! m ) = $(A' 1 )$(A' 2 )...$(A' m ) 

whenever m > 1, A'j G (^(Aj)^.,^.)^ = for all j E {l,...,m}, and ij ^ for all j E 

{1, . . . , m — 1}. We denote & by *™ =1 (fii. 

Proof. By Theorem 14.1 . 31 each tpi extends to a unital, completely positive map ipi '■ ~^ B{Hi) such that 

(it>i(T)^i,^i)ni = (T€i,£i)-H' t for all T E By Theorem |3Xl] there exists a unital, completely positive 

map 

* : *« =l (B{U' t ),Id^[) -> 
such that = ipi(T() for all 2^ € B{H$ and 

*M ' ' ' T'J = *(T[)*(^) • • • *CO 

whenever m > 1, Tj G (Tj^.,^.)^ = for all j G {l,...,m}, and ^ ^ for all j G 

{1, . . . , m - 1}. Since *? =1 (2l'i, < C *f =1 (B(^), Id, £), let $ be the restriction of to *? =1 (2l'i, < £). 
Clearly = for all A\ E % and 

^A[A' 2 ...A' n ) = $(A' 1 )$(A' 2 )..-Z>(A' m ) 

whenever m > 1, G 21^, (^(A,-)^,^)?^. = for all j G {l,...,m}, and ij ^ for all j G 
{l,...,m-l}. 

To show that the image of $ lies in *£_ 1 (2lj, 7Ti, it suffices to show that <E> maps a dense subset of 
*"=i(2l;,7r;,£;) into *™ =1 (2l», tt,, &). Recall that *-Alg (|J" =1 2t<) is dense in ^(SI^tt^). Moreover for all 
j G {1, . . . , n} % = Cfy + (a; ) where 

(2i;-)°:= {AE% I (^(A)^,^, =o}. 

Therefore, since is the unit of *™ =1 (2l-, 7r-, for all j G {1, ... , n}, it is easy to see that the span of 

■**? =1 (aS,<,£{) with 

{a'^-A^ | roM.i^fa!) 1 ,^^) 
is dense in *™ =1 (2t^, 7r^, Since is unital and each 7r- and 7Tj is unital, 

$ (-kju = * (- f *? = i(B(«<),/d,^)) = ^*7 =1 (e(«i)jd,^) = J*; , =1 (a 4l 7r 4 ,€ 4 ) e *iLi(^) 7r *)6)- 
If m > 1, A'j E (%.)°, and ij ^ for all j G {1, . . . , m - 1} then 

$KA' 2 • • • A'J = m'lMA) ■ ■ ■ HA'm) = <Pi, KV* 2 (A) ■ ■ ■ Vim (A'J e 6). 

Hence $ maps a set whose span is dense in *£ =1 (2l£, 7T-, £ ■) to a subset of *™ =1 (2l,, 7^, Thus the result 
follows by the linearity and continuity of $. □ 

In [BP] an example was given of unital C*-algebras 2U, states (pi : 2lj —> C with faithful GNS represen- 
tations, a unital C*-algebra D with a state ip that was not faithful but had a faithful GNS representation, 
and unital *-homomorphism 7Tj : 2lj — >• 2) such that the family {7Ti(2li)}ie{i,2} was free with respect to if), 
iji o 7Ti = for all i G {1,2}, and yet no *-homomorphism n : (2li,<pi) * (^2,^2) — > ® existed with the 
property that 7r(A) = 7Tj(A) for all A E 21^. However, when £> is a C*-algebra as described in Construction 
I2.1.1[ Theorem 14.1.41 will allow us to construct such a *-homomorphism. 

Theorem 4.1.5. If the unital, completely positive maps <fii : 21^ — > 2li in Theorem \4-.l-4\ are * -homomorphism, 
the resulting map ^ is a * -homomorphism. 
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Proof. Since $ is a unital, completely positive map, it suffices to show that $ is multiplicative on a set with 
dense span in *™ =1 (2l^, 7^, £•). Recall the span of ^*jL 1 (aj,7rJ,fJ) with 

{A 1 A 2 ---A m | m>l,A' j e{X. , i .)°,i j ^i j+1 } 

is dense in *™ =1 (2l£, n^, ^). Hence, to show that $ is multiplicative, it suffices to show that 

A 2 • • • A m E>iB 2 ■■■B k ) = <5>{A 1 A 2 ■ ■ ■ A m )<P(B 1 B 2 ■ ■ ■ B k ) 

whenever m, fc > 1, G (21-. )°, B j € ( a i'.)°> 7^ for a11 .? e {1, • • - ,m - 1}, and ^- 7^ for all 
j G {1, . . . , k — 1}. However if i m ^ i\ then 

<$>(A X A 2 ■ ■ ■ A m B\B 2 ■■■B k ) = *(Ai)*(A 2 ) • • • $(4)$(5i)$(B 2 ) • • • $(S fe ) = $(AU 2 • • • ^ m )$(B 1 B 2 ■ • • B k ) 

by the properties of $. Hence we may assume that i m = i[. To complete the proof, we will proceed by 
induction on fc. 

If fc = 1 then we can write A m B x = A/ a j + C where A G C and C G {% m )° ■ Thus 

<^(A 1 A 2 ■ ■ ■ A m _iA m B{) = \<f>(A 1 A 2 ■ ■ ■ A m _x) + ^>(A 1 A 2 ■ ■ ■ A m _iC) 

= \<P(AxMA 2 ) ■ ■ • $(Vi) + ${AxMA 2 ) ■ ■ • $(Vi)*(C) 

= $(Ai)$(A 2 ) ■ ■ ■ $(A m _x)(\I + 

= *(Ai)$(i4 2 ) • • • $(A m _i)^ m (A m Bx) 

= $(Ax)<f>(A 2 ) ■ ■ ■ $>(A m _x)<Pi m {A m )(pi m (Bx) 

= $(AxA 2 ■ ■ ■ i m )$(Bi) 

by the properties of $ and the fact that (p im is a *-homomorphism on 2l- m . Thus the base case is complete. 
Suppose the result holds for some fc > 1. Write A m Bx = ATgjj + C where A G C and C G (2l- m )°. Thus 

<P(AxA 2 ■ ■ ■ A m -xA m BxB 2 ■ ■ ■ B k +i) 
= \<P(AxA 2 ■ ■ ■ A m _xB 2 ■ ■ ■ B k+l ) + ${AxA 2 ■ ■ ■ A m _ 1 CB 2 ■ ■ ■ B k+l ) 
= \${AxA 2 ■ ■ ■ A m -x)$(B 2 ■ ■ ■ B k+1 ) + ${Ax)${A 2 ) ■ ■ • $(An-i)$(C)$(S 2 ) • • • <P(B k+1 ) 
= \<P(AxMA 2 ) ■ ■ • ${A m -i)${B 2 ) • • • $(B fc+ i) + <S>(AxMA 2 ) ■ ■ • ${A m -i)$(C)${B 2 ) • • • <S>(B k+1 ) 
= $(Ax)${A 2 ) ■ ■ • $(A ro _!)(AJ + $(C))$(S 2 ) • • • *(S fc+ i) 
= $(AxMA 2 ) ■ ■ ■ $(4-1)^ (A m Bx)MB 2 ) ■ ■ ■ *(S fc+ i) 
= $(Ax)$(A 2 ) ■ ■ ■ $(A m _x)tp im {A m )y im (B 1 )^(B 2 ) ■ ■ ■ <t>(B k+1 ) 
= ${AxA 2 ■ ■ ■ A m )$(B 1 B 2 ■ ■ ■ Bk+i) 

by the properties of $ and the fact that ip im is a *-homomorphism on 2l- m . Hence, by the Principle of 
Mathematical Induction, the proof is complete. □ 

Corollary 4.1.6. For i G {1, . . . ,n} let 2lj be a unital C* -algebra, let 7Tj : 2lj — > B(T-Li) and let ir^ : 2lj — > 
BCHl) be faithful, unital representations, and let £j G "Hi and ^ G "H^ 6e itnit vectors. Suppose 

(Ki(A)C i ,t;i)n i = W(A)&&H' i 
for all A e 2lj and a/H G {1, . . . , n}. T/ien t/iere eiisfs a * -isomorphism 

sttc/i f/iaf = A /or oiZ A G 21-. 
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4.2 Nuclear Embeddings with States 

Before we obtained Theorem 12.1.31 and Theorem 13. 11 one natural guess could have been that these theorems 
would hold only if there existed a state-preserving nuclear embedding into B(H). Thus it is natural to ask if 
such an embedding always exists. A similar but stricter property has already been studied in free probability. 

Definition 4.2.1 (Eckhardt). Let 21 be a unital, nuclear C*-algebra and let ip a state on 21. We say that 
ip is CP-approximable if there exists a net (T a )a of finite-rank, unital, completely positive maps on 21 such 
that T\ converges to the identity pointwise and ip o T\ = ip for all A 6 A. 

Some notatble results relating to this definition are: 

Proposition 4.2.2 (Proposition 4.5 of |RX] ) . Let %be a nuclear, unital C* -algebra and <p a faithful state on 
21**. Then there is a net of finite rank, unital, completely positive maps (T\ : 21 — > 21) a converging pointwise 
to the identity in norm such that ip o T\ = ip for a/( A e A. 

Proposition 4.2.3 (Corollary 4.3 of |Ec] ) . Let 21 be the CAR algebra. Then there is a state ip on 21 that is 
not CP-approximable. 

However by relaxing the conditions of CP-approximability, we obtain the following result. 
Theorem 4.2.4. Let 21 be a unital C* -algebra. Then the following are equivalent: 

1. 21 is exact. 

2. If ip is a state on 21 then for every Hilbert space K,, every faithful, unital representation a : 21 — > 
B(JC), and every unit vector £ € K, such that p(A) = (o~(A)£,£))c for all A € 21 there exists a net 
of matrix algebras (A4 nx (C))A, nets of unital, completely positive maps (4>\ : 21 — » A4„ a (C))a and 
(ipx ■ -M„ A (C) — > B(K,))a, and unit vectors (£ A £ C™ a )a such that {cj)\(A)£\, £a)c™a = p(A) for all 
Ae% (Va(T)COx; = (T&,&}c»» for all T e M nx (C), and lim A \\a(A) - ^ A (0 A (A))|| = for all 
A €21. 

The condition that 21 is unital is trivial to remove in the above theorem (with the replacement of unital, 
completely positive maps with contractive, completely positive maps) . Moreover it can be easily shown using 
Theorem 14. 1 .31 that it suffices to prove the above for one fixed representation a : 21 — > B{JC) and unit vector 
£ € K, such that ip(A) = (a(A)£, £)/c for all A 6 21. Similarly it can be show that if the matrix algebras with 
vector states are replaced with finite dimensional C*-algebras with arbitrary states in the above definition, 
then the two statements are equivalent. Although the above result is essentially implied in Lemma 2.4 of 
[Ozj . we include a proof for completeness. We begin with a simple lemma. 

Lemma 4.2.5. Let 21 be a unital, nuclear C* -algebra and let ip be a pure state on 21. Then there exists 
nets of unital, completely positive maps {<f>\ : 21 — > A4 nx (C))\ and (ip\ : A4 nx (C) — > 21) a and unit vec- 
tors (£ A £ C" A ) A such that the net {ip\ o c/)x)a converges to the identity on 21 in the point-norm topology, 
(<M^)£a,60c-a = tp(A) for all A £ 21 and all X £ A, and cp(ip n (T)) = (T£ A ,£ A ) C ^ for all T £ M nx (C) 
and all A £ A. Thus ip is CP-approximable. 

Proof. Let (w,'H,£,) be the GNS representation of 21 given by ip and let JC — C£. Since <p is a pure state, 
7r is an irreducible representation. By Lemma 3.4 of |KS] (or see Lemma 4.8.6 in [BO ) there exists nets 
of unital, completely positive maps (<fi\ : 21 — > A / J„ A (C)) A and (tpx : M nx (C) — > 21) a and isometries 
(V\ : JC — > C" a )a such that the net (ip\ ° <P\)a converges to the identity on 21 in the point-norm topology, 
V^(j>x{A)Vx = Pk^{A)P k for all A e 2t and all A € A, and V\ic(i/j\(T))V£ = VxV^TVxV^ for all T e M nx (C) 
and all A £ A. For each A £ A let £ A = € C" A . Then each £ A is a unit vector and y A V££x — £a- Moreover 

(0a(A)£ a ,£ a ) c „ = (VZMAWxLOh = (P>cAA)P^,On = «A)£,0« = <p(A) 
for all A £ 2t and 

¥#a(T)) = (n(xPx(T)%Oic = (Vxtt(MT))V^xAx)c^ = (VxV^TV x V^xAx)c^ = (T£x,Z\)vx 
for all T £ M„ X (C). □ 
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Note that Lemma 14.2.51 is related to Proposition 14.2.21 Moreover Proposition 14.2.31 says we cannot drop 
the assumption of tp being a pure state. 

Proof of Theorem \4-2.4\ As every unital, exact C*-algebra embeds into a unital, nuclear C*-algebra (specif- 
ically the Cuntz algebra 02 by Theorem 2.8 of |KP) in the separable case), it is trivial to verify that 21 may 
be assumed to be nuclear. 

Let 7r : 21 — > B(H U ) be the universal representation of 21. Therefore there exists a unit vector £ £ H u 
such that ip(A) — (n(A)£, £) for all A € 2t. Let & be the compact operators in B(H U ) and let 03 = 7r(2l) + & 
which is a C*-algebra containing 21 and 

We claim that 03 is nuclear. To see this notice 

0^ 03 Q3/ii->0 

is an exact sequence of C*-algebra. Since & is nuclear, 03 will be nuclear provided that 03 /.R is nuclear (see 
Proposition 10.1.3 of |BOj ). However, by the Second Isomorphism Theorem of C*- Algebras, 

Q3/J? = (tt(21) + ~ 7r(2l)/(7r(2l) n £). 

Since 21 is nuclear and 7r(2l) n ^ is an ideal in 7r(2l), 7r(2t)/(7r(2t) n &) is nuclear (see Corollary 9.4.4 of |BQj ). 
Hence 03 is nuclear. 

To show that ip is weakly CP-approximable it suffices to show that the vector state tp : 03 — > C defined 
by ip(T) = (T£, £) for all T £ 03 is weakly CP-approximable. Let /C := 03£. Then /C is an invariant 
subspace of 03 with cyclic vector £. By the uniqueness of the GNS construction, the restriction of 03 to JC 
is the GNS representation of tp. However, since 03 contains the compact operators, JC has no non-trivial 
03-invariant subspaces. Hence the GNS representation of tp is irreducible and thus ip is a pure state on 03 
(see Theorem 1.9.8 of Da ). Thus ip is weakly CP-approximable by Lemma [4.2.51 and hence ip is weakly 
CP-approximable. □ 



5 Open Questions 

In this section we will brief discuss three questions pertaining to the material presented in this paper along 
with their difficulties. Our first question is whether or not Theorem l4. 1 ,3l can be extended to operator systems. 

Question 1) Let % be a unital C* -algebra, let S be an operator system, let ip : 21 — > C be a state, let 

4> '■ S — > B(H) be a unital, completely positive map, and let £ G % be a unit vector such that tp(A) = 

(4>(A)£,£)?{ for all A £ S. Does there exists a unital, completely positive map tp : 21 — > B(H) extending <p 
such that ip(A) = (ip(A)£,g) n for all A e 21? 

Clearly the proof of Theorem 14.1.31 cannot be modified to solve the above question. 

Question 2) Clearly Theorem 1 2. 1.3\ and Theorem \3.1\ are equivalent statements. Can this be seen directly 
as in the tensor product case? 

In order to use Theorem 12.1.31 to prove Theorem 13.11 it would suffice to prove Corollary 13.91 directly. 
However, due to the differences in the structures of the norms of the objects in Corollary 13.91 it appears 
difficult to directly prove such a map exists. 

Question 3) The concepts of Theorem \2.1.3\ and Theorem \3.1\ can be generalized to free products with 
amalgamation. Do these theorems still hold in this more general setting? 

The only issue in the proof of Theorem 12.1.31 given above when applied to reduced free products with 
amalgamation appears to be in the inductive step of Lemma 12.3.131 where the Gram-Schmidt Orthogonal- 
ization process was used to approximate the norm of an operator by the norm of a matrix of operators. 
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